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Abstract
We show that several shocks identifi ed without restrictions from a model, and frequently 
used in the empirical literature, display some persistence. We demonstrate that the two 
leading methods to recover impulse responses to shocks (moving average representations 
and local projections) treat persistence differently, hence identifying different objects. 
In particular, standard local projections identify responses that include an effect due to 
the persistence of the shock, while moving average representations implicitly account 
for it. We propose methods to re-establish the equivalence between local projections and 
moving average representations. In particular, the inclusion of leads of the shock in local 
projections allows to control for its persistence and renders the resulting responses 
equivalent to those associated to counterfactual non-serially correlated shocks. We apply 
this method to well-known empirical work on fi scal and monetary policy and fi nd that 
accounting for persistence has a sizable impact on the estimates of dynamic effects.
Keywords: impulse response function, local projection, shock, fi scal policy, monetary policy.
JEL classifi cation: C32, E32, E52, E62.
Resumen
En este documento mostramos que varios shocks identifi cados sin restricciones de un 
modelo, y usados frecuentemente en la literatura empírica, son persistentes. Demostramos 
que los dos principales métodos para recuperar respuestas a impulsos de shocks 
(representaciones de media móvil y proyecciones locales) tratan la persistencia de distinta 
manera y, por tanto, identifi can objetos diferentes. En particular, las proyecciones locales 
estándar identifi can respuestas que incluyen un efecto debido a la persistencia del 
shock, mientras que las representaciones de media móvil implícitamente controlan por 
la persistencia. Proponemos métodos para restablecer la equivalencia entre proyecciones 
locales y representaciones de media móvil. En particular, la inclusión de adelantos del 
shock en las proyecciones locales permite controlar por su persistencia y hace que las 
respuestas resultantes sean equivalentes a las asociadas a shocks contrafactuales no 
autocorrelacionados. Aplicamos este método a trabajos empíricos sobre política fi scal y 
monetaria y encontramos que controlar por la persistencia tiene un impacto considerable 
sobre las estimaciones de efectos dinámicos.
Palabras clave: función de respuesta a un impulso, proyecciones locales, shock, política 
fi scal, política monetaria.
Códigos JEL: C32, E32, E52, E62.
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R"v J `2;`2bbBQMb- r2 `272` iQ 2Bi?2` bBM;H2@2[miBQM /Bbi`B#mi2/@H;b KQ/2Hb Q7 M Qmi+QK2 p`B#H2
;BMbi i?2 +QMi2KTQ`M2Qmb pHm2 M/ H;b Q7 i?2 b?Q+F- b BM _QK2` M/ _QK2` UkyRyV UQ7i2M FMQrM b
i`mM+i2/ JV- Q` iQ  J bi`m+im`2 Q7 i?2 b?Q+F 2K#2//2/ BM  p2+iQ` miQ`2;`2bbBQMb Uo_V- b BM J2`i2Mb
M/ _pM UkyRkVX
lM/2`biM/BM; i?2 Q`B;BM M/ T`QT;iBQM Q7 2+QMQKB+ b?Q+Fb ?b #22M M BKTQ`iMi v2i
2HmbBp2 +?HH2M;2 BM K+`Q2+QMQKB+bX 1`Hv rQ`F QM i?Bb bm#D2+i ?b i`/BiBQMHHv `2HB2/ QM
bvbi2Kb Q7 2[miBQMb +QmTH2/ rBi? `2bi`B+iBQMb BKTHB2/ #v 2+QMQKB+ i?2Q`v BM Q`/2` iQ B/2MiB7v
2+QMQKB+HHv K2MBM;7mH b?Q+FbX AM `2+2Mi v2`b- `2b2`+?2`b ?p2 bQm;?i i?2 B/2MiB}+iBQM
Q7 b?Q+Fb rBi?Qmi i?2 mb2 Q7 M 2KTB`B+H KQ/2H- FMQrM b M``iBp2 B/2MiB}+iBQM- ivTB+HHv
#v HQQFBM; i r`Bii2M Q{+BH /Q+mK2MiiBQM- T2`BQ/B+Hb- K;xBM2b- 2i+X M/ 2tTHQBiBM; `@
;m#Hv 2tQ;2MQmb p`BiBQM BM i?2b2 b2`B2bX b `;m2/ #v _K2v UkyReV- i?2b2 b?Q+Fb `2
K2Mi iQ #2 i?2 2KTB`B+H +QmMi2`T`ib Q7 i?2 bi`m+im`H b?Q+Fb 7QmM/ BM i?2Q`2iB+H KQ/2Hb
M/ ?2M+2 i?2v b?QmH/ #2 mM+Q``2Hi2/ rBi? #Qi? +m``2Mi M/ H;;2/ pHm2b Q7 2M/Q;2MQmb
p`B#H2b- M/ rBi? Qi?2` b?Q+Fb BM i?2 bvbi2KX 6m`i?2`KQ`2- i?2v b?QmH/ #2 b2`BHHv mM+Q``2@
Hi2/ bBM+2 i?2v `2 2tT2+i2/ iQ `2T`2b2Mi mMMiB+BTi2/ p`BiBQM BM M 2tQ;2MQmb p`B#H2X
AM i?Bb TT2`- r2 bim/v i?2 2biBKiBQM Q7 BKTmHb2 `2bTQMb2b BM i?2 T`2b2M+2 Q7 T2`bBbi2M+2
BM i?2 b?Q+FX Pm` MHvbBb ?B;?HB;?ib i?2 2+QMQK2i`B+ BKTHB+iBQMb Q7 `2HtBM; i?2 bbmKT@
iBQM Q7 b2`BH mM+Q``2HiBQM BM b?Q+Fb- M/ [mMiB}2b Bib BKTQ`iM+2 #v `2pBbBiBM; r2HH@FMQrM
2KTB`B+H TTHB+iBQMbX
q2 #2;BM #v T`QpB/BM; 2pB/2M+2 i?i KMv b?Q+Fb mb2/ #v i?2 HBi2`im`2 /BbTHv b2`BH
+Q``2HiBQMX h?2b2 ;;`2;i2 b?Q+Fb ?p2 #22M mb2/ iQ 2biBKi2 i?2 BKT+i Q7 2tQ;2MQmb
+?M;2b BM it `2p2Mm2b- ;Qp2`MK2Mi bT2M/BM;- M/ KQM2i`v TQHB+v QM QmiTmi M/ Qi?2`
K+`Q2+QMQKB+ p`B#H2bX hQ BMi2`T`2i i?2 /vMKB+ `2bTQMb2b iQ i?2b2 b?Q+Fb- Bi Bb mbmHHv
bbmK2/ i?i i?2v `2 b2`BHHv mM+Q``2Hi2/ Q` i?i i?2 `2b2`+?2` +M 2z2+iBp2Hv ++QmMi 7Q`
i?Bb 72im`2X
L2ti- r2 MHvx2 i?2 2+QMQK2i`B+ +QMb2[m2M+2b Q7 mbBM; T2`bBbi2Mi b?Q+Fb BM 2KTB`B+H
rQ`FX q?2M  b?Q+F Bb B/2MiB}2/ 7`QK QmibB/2 M 2KTB`B+H KQ/2H- i?2 `2b2`+?2` +M `2+Qp2`
Bib /vMKB+ 2z2+ib Ui?2 BKTmHb2 `2bTQMb2bV mbBM; 2Bi?2` HQ+H T`QD2+iBQMb UGSbV- b T`QTQb2/
#v CQ`/¨ Ukyy8V- Q` KQpBM; p2`;2 UJV `2;`2bbBQMbXR q2 b?Qr i?i- B7 i?2 b?Q+F Bb b2@
`BHHv mM+Q``2Hi2/- #Qi? K2i?Q/b `2+Qp2` i?2 bK2 BKTmHb2 `2bTQMb2 7mM+iBQMbX >Qr2p2`-
i?Bb 2[mBpH2M+2 #`2Fb /QrM mTQM i?2 T`2b2M+2 Q7 T2`bBbi2M+2X AM i?Bb +b2- GSb M/ J
`2;`2bbBQMb B/2MiB7v /Bz2`2Mi /vMKB+ 2z2+ib- bBM+2 i?2v HHQr 7Q` i?2 T`2b2M+2 Q7 /Bz2`2Mi
+?MM2Hb Q7 T`QT;iBQM r?2M +QMbi`m+iBM; BKTmHb2 `2bTQMb2bX
q?2M T2`bBbi2M+2 2tBbib #mi Bb B;MQ`2/- GSb 2biBKi2 /vMKB+ 2z2+ib i?i +QMiBM irQ
+QKTQM2Mib, M 2+QMQKB+ 2z2+i Ui?2 2+QMQKB+ BKT+i Q7 i?2 b?Q+F QM i?2 2M/Q;2MQmb p`B@
#H2bV M/ M 2z2+i i?i 2t+HmbBp2Hv /2T2M/b QM i?2 /2;`22 Q7 b2`BH +Q``2HiBQM Q7 i?2 b?Q+FX
h?2 BMimBiBQM 7QHHQrb 7`QK i?2 rv i?i GSb +QKTmi2 i?2 `2bTQMb2 i ?Q`BxQM h- `2;`2bbBM;
i?2 Qmi+QK2 p`B#H2 BM t + h ;BMbi i?2 b?Q+F BM iBK2 tX aBM+2 i?2 biM/`/ b2iiBM; /Q2b
R AMi`Q/m+iBQM
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kMQi?2` TQbbB#BHBiv Bb iQ BM+Hm/2 i?2 B/2MiB}2/ b?Q+F b M/ 2M/Q;2MQmb p`B#H2 BM  o_- #mi MQi2 i?i-
b ?B;?HB;?i2/ #v SH;#Q`;@JǠHH2` M/ qQH7 UkyRNV- i?Bb rQmH/ B/2MiB7v i?2 bK2 Q#D2+i b GSbX q2 BHHmbi`i2
i?Bb TQBMi BM i?2 TT2M/BtX
jAM T`iB+mH`- r2 b?Qr i?i i?2 BM+HmbBQM Q7 H2/b Q7 i?2 BMbi`mK2Mi +M TQi2MiBHHv `2@2bi#HBb? i?2
+QM/BiBQM Q7 H2/@H; 2tQ;2M2Biv TQbimHi2/ BM aiQ+F M/ qibQM UkyR3VX
9q2 HbQ b?Qr ?Qr iQ Q#iBM BKTmHb2 `2bTQMb2b 2biBKi2/ #v J `2;`2bbBQMb i?i BM+Q`TQ`i2 i?2 2z2+i
Q7 b2`BH +Q``2HiBQMX
MQi ++QmMi 7Q` ?Qr i?2 b?Q+F 2pQHp2b #2ir22M t M/ t + h- i?2 `2bTQMb2b BM+Hm/2 i?Bb T2`@
bBbi2M+2 BM i?2 b?Q+FX S2`?Tb +QMi``v iQ BMimBiBQM- BM+Hm/BM; H;b Q7 i?2 b?Q+F BM GSb 7BHb
iQ BbQHi2 #Qi? 2z2+ibXk AMbi2/- r2 b?Qr i?i i?2 BM+HmbBQM Q7 H2/b Q7 i?2 b?Q+F BM GSb
/Q2b +QMi`QH 7Q` i?2 T`2b2M+2 Q7 T2`bBbi2M+2 M/ /2HBp2` `2bTQMb2b iQ i?2 b?Q+F b B7 Bi r2`2
b2`BHHv mM+Q``2Hi2/X AMimBiBp2Hv- i?2 H2/b +QMi`QH 7Q` i?2 2pQHmiBQM Q7 i?2 b?Q+F #2ir22M t
M/ t + hX 6QHHQrBM; i?Bb BMimBiBQM- 7Q` bQK2 /i ;2M2`iBM; T`Q+2bb2b- i?2 T2`bBbi2M+2 Q7 
b?Q+F Kv biBHH z2+i i?2 BKTmHb2 `2bTQMb2b 2p2M B7 i?2 b?Q+F Bb mb2/ b M BMbi`mK2Mi 7Q`
M 2M/Q;2MQmb p`B#H2 BM GSb UFMQrM b GS@Aoc b22 aiQ+F M/ qibQM UkyR3V M/ _K2v
M/ wm#B`v UkyR3VVX AM i?Bb +b2- i?2 BM+HmbBQM Q7 H2/b Q7 i?2 BMbi`mK2Mi b 2tTHMiQ`v
p`B#H2b HHQrb iQ B/2MiB7v i?2 /vMKB+ 2z2+ib b B7 i?2 BMbi`mK2Mi /B/ MQi ?p2 T2`bBbi2M+2Xj
h?2 T2`bBbi2M+2 Q7  b?Q+F /Q2b MQi z2+i i?2 BKTmHb2 `2bTQMb2b r?2M i?2b2 `2 +QM@
bi`m+i2/ mbBM; J `2;`2bbBQMb U2X;X mbBM;  o_ rBi? i?2 b?Q+F b M 2tQ;2MQmb p`B#H2VX
AM i?Bb +b2- `2;`/H2bb Q7 i?2 2tBbi2M+2 Q7 T2`bBbi2M+2- `2bTQMb2b Hrvb `2b2K#H2 i?Qb2 b
B7 i?2 b?Q+F ?/ MQ T2`bBbi2M+2- b HQM; b i?2 Ui`mM+i2/V J `2T`2b2MiiBQM BM+Hm/2b 
bm{+B2MiHv HQM; H; bi`m+im`2X M BKTQ`iMi +QMb2[m2M+2 Q7 i?Bb `2bmHi Bb i?i- 2p2M mM@
/2` +QKT`#H2 +QM/BiBQMb U2X;X- bK2 bKTH2 H2M;i?- bK2 +QMi`QH p`B#H2bV- J M/ GSb
K2i?Q/b rBHH vB2H/ /Bz2`2Mi /vMKB+ 2biBKi2b BM i?2 T`2b2M+2 Q7 T2`bBbi2M+2X9
Pm` `2bmHib b?QmH/ MQi #2 BMi2`T`2i2/ b  bmTTQ`i 7Q` QM2 T`iB+mH` K2i?Q/ UGSb pbX
J `2;`2bbBQMbV r?2M i?2 T`Q+2bb Bb FMQrM iQ #2 HBM2`X AMbi2/- i?2v `2 BMi2M/2/ iQ `Bb2
r`2M2bb QM i?2 B/2MiB}+iBQM +?HH2M;2b i?i `Bb2 r?2M b?Q+Fb 7QHHQr KQ`2 +QKTHB+i2/
/i ;2M2`iBM; T`Q+2bb2bX h?2 +?QB+2 Q7  T`iB+mH` K2i?Q/ b?QmH/ +QMbB/2` irQ Bbbm2b,
UBV i?2 Q#D2+i i?i Bb BK2/ iQ #2 B/2MiB}2/ U `2bTQMb2 i?i BM+Hm/2b Q` MQi i?2 2z2+i Q7
T2`bBbi2M+2V- M/ UBBV i?2 2{+B2M+v@`Q#mbiM2bb i`/2@Qz Q7 i?2 2biBKiBQM K2i?Q/ UrBi? GSb
#2BM; KQ`2 `Q#mbi #mi H2bb 2{+B2MiVX LQi2 i?i Qm` `2bmHib b?Qr i?i UBV b?QmH/ MQi #2
#BM/BM;- bBM+2 Qm` T`QTQb2/ K2i?Q/b +M /Ti GSb iQ B/2MiB7v i?2 bK2 Q#D2+i b J
`2;`2bbBQMb- M/ pB+2p2`bX
AM i?2 Hbi b2+iBQM- r2 2tTHQ`2 ?Qr 2biBKi2b Q7 ;Qp2`MK2Mi bT2M/BM; KmHiBTHB2`b- }b+H
+QMbQHB/iBQMb- M/ Qi?2` KQM2i`v TQHB+v b?Q+Fb +?M;2 r?2M T2`bBbi2M+2 Bb ++QmMi2/ 7Q`X
q2 }M/ i?i /DmbiBM; i?2 2biBKi2b 7Q` b2`BH +Q``2HiBQM ?b  bBx#H2 BKT+iX
AM T`iB+mH`- r2 b?Qr i?i i?2 `2bTQMb2 Q7 ;Qp2`MK2Mi bT2M/BM; M/ QmiTmi iQ M 2tQ;2@
MQmb b?Q+F UK2bm`2/ b M2rb #Qmi 7mim`2 +?M;2b BM /272Mb2 bT2M/BM; b BM _K2v UkyRRVV
Bb mT iQ dyW ?B;?2` /m2 iQ i?2 T2`bBbi2M+2 Q7 i?2 b?Q+FX q2 HbQ +QMi`B#mi2 iQ i?2 QM;QBM;
/2#i2 QM i?2 bii2@/2T2M/2M+2 Q7 }b+H KmHiBTHB2`b #v b?QrBM; i?i i?Bb T2`bBbi2M+2 z2+ib
i?2 /vMKB+b Q7 i?2 ;Qp2`MK2Mi bT2M/BM; KmHiBTHB2` /m`BM; iBK2b Q7 2tTMbBQM M/ bH+FX
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8a22 m2`#+? M/ :Q`Q/MB+?2MFQ UkyRkV 7Q` 2`Hv rQ`F QM i?Bb iQTB+X h?2 mi?Q`b }M/ i?i i?2 ;Qp2`M@
K2Mi bT2M/BM; KmHiBTHB2` /m`BM; `2+2bbBQMb Bb ?B;?2` i?M /m`BM; #QQKbX
eh?Bb +M #2 b22M b i?2 +QmMi2`T`i BM GSb Q7 +QMbi`m+iBM; +QmMi2`7+imH `2bTQMb2b BM  o_ i?i HHQr
iQ b2T`i2  /B`2+i 2z2+i Q7  `2;`2bbQ` QM  /2T2M/2Mi p`B#H2 7`QK Qi?2` BM/B`2+i 2z2+ibX h?Bb T`Q+2/m`2
?b #22M 7`2[m2MiHv mb2/ BM i?2 2KTB`B+H o_ HBi2`im`2X a22- 7Q` 2tKTH2- "2`MMF2 2i HX URNNdV- aBKb M/
w? UkyyeV- Q` "+?KMM M/ aBKb UkyRkVX
_2Hi2/ HBi2`im`2X Pm` `2bmHib `2Hi2 iQ b2p2`H bi`M/b Q7 i?2 HBi2`im`2X 6B`bi- r2 +QM@
i`B#mi2 iQ T`2pBQmb rQ`F i?i /2p2HQTb i?2 2+QMQK2i`B+ K2i?Q/b Q7 GSb M/ 2biBKiBQM Q7
/vMKB+ 2z2+ibX h?2 mb2 Q7 GSb iQ 2biBKi2 BKTmHb2 `2bTQMb2b rb T`QTQb2/ BM i?2 b2K@
BMH TT2` Q7 CQ`/¨ Ukyy8V- r?B+? b?Qrb i?2 /pMi;2b Q7 mbBM; GSb Qp2` o_ K2i?Q/b-
T`iB+mH`Hv i?2B` `Q#mbiM2bb iQ +2`iBM bQm`+2b Q7 KBbbT2+B}+iBQM M/ i?2 TQbbB#BHBiv iQ +@
+QKKQ/i2 MQM@HBM2` 2biBKiBQMb BM  T`+iB+H rvX aBM+2 GSb BKTQb2 72r2` bT2+B}+iBQM
`2bi`B+iBQMb i?M  o_- i?2 2biBKi2b `2 Q7i2M KQ`2 pQHiBH2 i?M rBi? J `2;`2bbBQMbX
"`MB+?QM M/ "`QrMH22b UkyR3V T`QTQb2  bi`i2;v- +HH2/ bKQQi? GSb- i?i KQ/2Hb i?2
b2[m2M+2 Q7 i?2 BKTmHb2 `2bTQMb2 +Q2{+B2Mib b  HBM2` +QK#BMiBQM Q7 "@bTHBM2bX JQ`2
`2+2MiHv- SH;#Q`;@JǠHH2` M/ qQH7 UkyRNV T`Qp2 i?i GSb M/ o_ K2i?Q/b B/2MiB7v i?2
bK2 BKTmHb2 `2bTQMb2b r?2M #Qi? K2i?Q/b ?p2 M mM`2bi`B+i2/ H; bi`m+im`2X h?Bb `2bmHi
_K2v M/ wm#B`v UkyR3V }M/ i?i- BM `2+2bbBQMb- i?2 KmHiBTHB2` #2+QK2b bm#biMiBHHv M2;@
iBp2 BKK2/Bi2Hv 7i2` i?2 b?Q+F UrBi? 2biBKi2b +HQb2 iQ @kV M/ i?i- 7i2` irQ v2`b- Bi
Bb MQi /Bz2`2Mi 7`QK i?2 KmHiBTHB2` BM 2tTMbBQMbX8 q2 b?Qr i?i ++QmMiBM; 7Q` T2`bBbi2M+2
+?M;2b i?2 /vMKB+b Q7 i?2 }b+H KmHiBTHB2` BM `2+2bbBQMb, Bi #2+QK2b bKHH2` mTQM BKT+i
U@R BMbi2/ Q7 @kV M/ `2KBMb HQr2` i?M i?2 KmHiBTHB2` BM 2tTMbBQMb 2p2M 7i2` irQ v2`bX
q2 HbQ b?Qr i?i B;MQ`BM; i?2 T`2b2M+2 Q7 T2`bBbi2M+2 r?2M mbBM; GSb ?b bm#biMiBH
2z2+ib BM Qi?2` +QMi2tibX q2 }M/ i?i i?2 H`;2 M2;iBp2 2z2+ib i?i }b+H +QMbQHB/iBQMb
?p2 QM QmiTmi BM :mD`/Q 2i HX UkyR9V `2 T`iBHHv /m2 iQ i?2 T`2b2M+2 Q7 b2`BH +Q``2HiBQM
BM i?2 b?Q+FbX q?2M ++QmMiBM; 7Q` i?2B` T2`bBbi2M+2- i?2 M2;iBp2 BKT+i Q7 +QMbQHB/iBQMb
QM 2+QMQKB+ +iBpBiv #2+QK2b MQM@bB;MB}+Mi /m`BM; Km+? Q7 i?2 `2bTQMb2 ?Q`BxQMX q2 HbQ
2tTHQ`2 Qi?2` 2KTB`B+H TTHB+iBQMb M/ }M/ i?i i?2 2z2+ib Q7 KQM2i`v TQHB+v QM 2+QMQKB+
+iBpBiv +M #2 Qp2` Q` mM/2`@2biBKi2/ /2T2M/BM; QM i?2 Mim`2 Q7 i?2 T2`bBbi2M+2 7QmM/ BM
+QKKQM K2bm`2b Q7 KQM2i`v TQHB+v b?Q+Fb- bm+? b _QK2` M/ _QK2` Ukyy9V M/ :2`iH2`
M/ E`/B UkyR8VX //BiBQMHHv- r2 }M/ i?i r?2M  b?Q+F /Q2b MQi /BbTHv T2`bBbi2M+2 Ub Bb
i?2 +b2 rBi? i?2 K2bm`2 Q7 it +?M;2b 7`QK _QK2` M/ _QK2` UkyRyVV- i?2 UmMM2+2bb`vV
BM+HmbBQM Q7 H2/b BM GSb /Q2b MQi z2+i i?2 TQBMi 2biBKiBQM Q7 /vMKB+ `2bTQMb2bX
AM i?Bb TT2`- r2 7Q+mb QM b?Q+Fb- r?B+? `2 ;2M2`HHv i?Qm;?i iQ #2 b2`BHHv mM+Q``2Hi2/
p`B#H2bX >Qr2p2`- i?2 BM+HmbBQM Q7 H2/b Q7  p`B#H2 BM GSb ?b KQ`2 ;2M2`H TTHB+iBQMbX
AM T`iB+mH`-  `2b2`+?2` BMi2`2bi2/ BM mbBM; GSb iQ mM+Qp2` i?2 /vMKB+ `2HiBQMb Q7 irQ
p`B#H2b Kv #2 BMi2`2bi2/ BM BM+Hm/BM; H2/b Q7  i?B`/ p`B#H2 iQ +QMbi`m+i +QmMi2`7+imH
`2bTQMb2b b B7 i?2 #2?pBQ` Q7 i?i i?B`/ p`B#H2 ?/ `2KBM2/ +QMbiMi Qp2` i?2 `2bTQMb2
?Q`BxQMXe
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7Q`KHBx2b bQK2 Q7 i?2 2tKTH2b T`QpB/2/ BM _K2v UkyReV- r?B+? BKTHB2b i?i /Bz2`2Mi
B/2MiB}+iBQM b+?2K2b BM  o_ b2iiBM; +M #2 BKTH2K2Mi2/ BM  GSb +QMi2tiX LQi2 i?i
Qm` `2bmHi #mBH/b QM  /Bz2`2Mi T`2KBb2, r2 +QMbB/2` i?2 +b2b r?2`2 i?2 b?Q+F ?b H`2/v
#22M B/2MiB}2/ U2X;X mbBM; M``iBp2 K2bm`2bV M/ i?2 `2b2`+?2` rMib iQ mb2 GSb Q` J
`2;`2bbBQMb UT2`?Tb 2K#2//2/ BM  o_V iQ 2biBKi2 /vMKB+ 2z2+ibX Pm` +QMi`B#miBQM iQ
i?Bb HBi2`im`2 Bb iQ b?Qr i?i- r?BH2 #Qi? GSb M/ J `2;`2bbBQMb B/2MiB7v i?2 bK2 Q#D2+i B7
i?2 b?Q+F Bb b2`BHHv mM+Q``2Hi2/- i?Bb 2[mBpH2M+2 #`2Fb /QrM BM i?2 T`2b2M+2 Q7 T2`bBbi2M+2X
Pm` b2+QM/ +QMi`B#miBQM Bb iQ T`QTQb2  K2i?Q/ iQ `2@2bi#HBb? i?2 GS@J 2[mBpH2M+2
r?2M i?2`2 Bb T2`bBbi2M+2- MK2Hv- i?2 BM+HmbBQM Q7 H2/b Q7 i?2 b?Q+F BM GSbX h?2 mb2 Q7 H2/b
?b  HQM; i`/BiBQM BM 2+QMQK2i`B+b- /iBM; #+F iQ rQ`F QM 7+iQ` MHvbBb #v :2r2F2 M/
aBM;H2iQM URN3RV M/ QM i?2 .PGa 2biBKiBQM Q7 +QBMi2;`iBQM p2+iQ`b UaiQ+F M/ qibQM
URNNjVVX 6mbi M/ q`B;?i UkyRRV }M/ i?i BM+Hm/BM; 2t@TQbi 7Q`2+bi 2``Q`b `2bmHib BM M
++m`+v BKT`Qp2K2Mi r?2M 7Q`2+biBM; 2t+2bb #QM/ M/ 2[mBiv `2im`MbX JQ`2 `2+2MiHv-
h2mHBM;b M/ wm#MQp UkyR9V }M/ i?i 2biBKiBM; /vMKB+ 2z2+ib Q7  /mKKv p`B#H2 U2X;X
#MFBM; +`BbBbV BM  TM2H /i +QMi2ti rBi? }t2/ 2z2+ib M/ GSb bmz2`b 7`QK  M2;iBp2 bKHH@
bKTH2 #Bb- bBM+2 i?2 2biBKiBQM Q7 i?2 }t2/ 2z2+i TB+Fb mT i?2 pHm2 Q7 7mim`2 `2HBxiBQM
Q7 i?2 /mKKv p`B#H2X h?2 mi?Q`b b?Qr i?i i?Bb #Bb Bb ii2Mmi2/ 2Bi?2` #v BM+`2bBM;
i?2 bKTH2 bBx2 Q` #v BM+Hm/BM; 7mim`2 `2HBxiBQMb Q7 i?2 /mKKv p`B#H2 Qp2` i?2 `2bTQMb2
?Q`BxQMX "v +QMi`bi- i?2 /Bz2`2M+2 #2ir22M GSb M/ J `2;`2bbBQMb i?i r2 B/2MiB7v Bb
MQi /m2 iQ  #Bb BM i?2 2biBKi2b- #mi BMbi2/ iQ /Bz2`2M+2b BM i?2 B/2MiB}+iBQM /m2 iQ i?2
T2`bBbi2M+2 Q7 i?2 b?Q+FX aBM+2 Qm` T`Q#H2K biBHH T2`bBbib bvKTiQiB+HHv- BM+`2bBM; i?2 bKTH2
/Q2b `2/m+2 i?2 GS@J /Bz2`2M+2X //BiBQMHHv- i?Bb /Bz2`2M+2 Bb MQi M2+2bb`BHv M2;iBp2-
#mi rBHH /2T2M/ QM i?2 Mim`2 Q7 i?2 /i ;2M2`iBM; T`Q+2bb i?i /`Bp2b i?2 T2`bBbi2M+2X
h?B`/- Qm` TT2` `2Hi2b iQ i?2 HBi2`im`2 i?i 2KTHQvb M``iBp2 K2i?Q/b iQ B/2MiB7v 2t@
Q;2MQmb b?Q+Fb b M Hi2`MiBp2 iQ BKTQbBM; `2bi`B+iBQMb BM 2KTB`B+H KQ/2Hb U2X;X bi`m+im`H
o_bVX h?2 mb2 Q7 M``iBp2 K2i?Q/b /i2b #+F iQ _QK2` M/ _QK2` URN3NV M/ _K2v
M/ a?TB`Q URNN3V M/ Bb #b2/ QM mbBM; 2ti2`MH BM7Q`KiBQM- bm+? b Q{+BH `2TQ`ib Q`
M2rbTT2`b- iQ +QMbi`m+i b2`B2b Q7 b?Q+Fb i?i `2 `;m#Hv 2tQ;2MQmb iQ K+`Q2+QMQKB+
2p2MibXd :Bp2M i?i i?2 Q#D2+iBp2 Q7 i?Bb HBi2`im`2 Bb iQ B/2MiB7v b?Q+Fb i?i ?p2 bBKBH`
T`QT2`iB2b b i?Qb2 7QmM/ BM i?2Q`2iB+H KQ/2Hb- T2`bBbi2M+2 Bb b22M b M mM/2bB`#H2 72im`2
U_K2v UkyReVVX Pm` +QMi`B#miBQM iQ i?Bb HBi2`im`2 Bb iQ 7Q`KHHv M/ bvbi2KiB+HHv i2bi
7Q` i?2 T`2b2M+2 Q7 b2`BH +Q``2HiBQM BM b?Q+Fb mb2/ #v T`2pBQmb 2KTB`B+H rQ`FX Hi?Qm;?
i?2 Bbbm2 Q7 T2`bBbi2M+2 BM b?Q+Fb ?b #22M MQi2/ #27Q`2-3 r2 #2HB2p2 Qm`b Bb i?2 }`bi bim/v
iQ 7Q`KHHv i2bi i?2 ?vTQi?2bBb Q7 b2`BH mM+Q``2HiBQM BM  p`B2iv Q7 M``iBp2Hv@B/2MiB}2/
b?Q+Fb `M;BM; 7`QK }b+H iQ KQM2i`v TQHB+vX
d1tKTH2b Q7 bii2 Q7 i?2 `i M``iBp2 K2i?Q/b +M #2 7QmM/ BM _QK2` M/ _QK2` Ukyy9V- _QK2` M/
_QK2` UkyRyV- Q` _K2v UkyRRVX
3_K2v UkyReV }M/b i?i i?2 iBK2 ;;`2;iBQM `2[mB`2/ iQ +QMp2`i i?2 b?Q+F BM :2`iH2` M/ E`/B UkyR8V
iQ KQMi?Hv 7`2[m2M+v- BMb2`ib b2`BH +Q``2HiBQMX JB`M/@;`BTTBMQ M/ _B++Q UkyR3V +Q``Q#Q`i2 i?Bb }M/BM;-
#v `2;`2bbBM; i?2 b?Q+F QM 7Qm` H;b M/ i2biBM; i?2B` DQBMi bB;MB}+M+2X h?2v HbQ }M/ i?i Qi?2` K2bm`2b
Q7 KQM2i`v b?Q+Fb bm+? b _QK2` M/ _QK2` Ukyy9V 2t?B#Bi b2`BH +Q``2HiBQMX
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Nh?2`2 `2 b2p2`H 2tKTH2b Q7 bim/B2b i?i 2KTHQv M``iBp2Hv B/2MiB}2/ b?Q+Fb iQ 2biBKi2 /vMKB+b
2z2+ib mbBM; GSbX hQ MK2  72r, PrvM; 2i HX UkyRjV M/ _K2v M/ wm#B`v UkyR3V HQQF i i?2 i?2
2z2+ib Q7 ;Qp2`MK2Mi bT2M/BM;- 6B2H/?Qmb2 2i HX UkyRdV 2tTHQ`2 i?2 2z2+ib Q7 ;Qp2`MK2Mi bb2ib Tm`+?b2b-
M/ h2M`2v`Q M/ h?rBi2b UkyReV bim/v i?2 BKT+i Q7 KQM2i`v TQHB+v mbBM; M/ mT/i2/ bKTH2 7`QK
_QK2` M/ _QK2` Ukyy9VX
6Qm`i?- Qm` rQ`F HbQ `2Hi2b iQ 2KTB`B+H TTHB+iBQMb i?i mb2 GSb iQ BMp2biB;i2 i?2
/vMKB+ 2z2+ib Q7 M``iBp2Hv@B/2MiB}2/ b?Q+FbXN Pm` +QMi`B#miBQM Bb iQ b?Qr i?i +QMi`QHHBM;
7Q` T2`bBbi2M+2 BM i?2 b?Q+Fb ?b bm#biMiBH BKT+i QM i?2 2biBKi2/ BKTmHb2 `2bTQMb2b r?2M
mbBM; GSbX
h?2 `2bi Q7 i?2 TT2` T`Q+22/b b 7QHHQrbX a2+iBQM k T`QpB/2b 2pB/2M+2 QM i?2 2tBbi2M+2
Q7 b2`BH +Q``2HiBQM BM b?Q+Fb mb2/ #v T`QKBM2Mi T`2pBQmb rQ`FX a2+iBQM j /2b+`B#2b ?Qr
GSb M/ J `2;`2bbBQMb i`2i T2`bBbi2M+2 /Bz2`2MiHv- M/ T`QTQb2b  bQHmiBQM iQ `2@2bi#HBb?
i?2 2[mBpH2M+2 #2ir22M i?2KX Ai HbQ T`QpB/2b bBKmHiBQMb iQ ?2HT mM/2`biM/ i?2 `2bmHibX
a2+iBQM 9 T`QpB/2b 2pB/2M+2 Q7 ?Qr b2`BH +Q``2HiBQM z2+ib 2biBKi2b Q7 i?2 2z2+ib Q7 }b+H
M/ KQM2i`v TQHB+B2bX a2+iBQM 8 +QM+Hm/2bX
k 1pB/2M+2 Q7 T2`bBbi2M+2 BM b?Q+Fb
h?`Qm;?Qmi i?Bb TT2`- r2 +QMbB/2` 2+QMQKB+ b?Q+Fb BM i?2 bK2 K2MBM; b bii2/ BM _K2v
UkyReV- i?i Bb- b?Q+Fb `2 +QMbB/2`2/ iQ #2 i?2 2KTB`B+H +QmMi2`T`i Q7 i?Qb2 2KTHQv2/ BM
i?2Q`2iB+H KQ/2HbX ++Q`/BM; iQ i?Bb /2b+`BTiBQM- 2KTB`B+H b?Q+Fb b?QmH/ #2 2tQ;2MQmb
iQ +m``2Mi M/ H;;2/ 2M/Q;2MQmb p`B#H2b- mM+Q``2Hi2/ iQ Qi?2` 2tQ;2MQmb b?Q+Fb- M/
`2T`2b2Mi mMMiB+BTi2/ KQp2K2Mib UQ` M2rb #Qmi 7mim`2 b?Q+FbVX
q?2M b?Q+Fb `2 B/2MiB}2/ 7`QK rBi?BM M 2KTB`B+H KQ/2H- i?2 `2b2`+?2` BKTQb2b  b2i
Q7 `2bi`B+iBQMb iQ `2+Qp2` b?Q+Fb i?i +M #2 2+QMQKB+HHv K2MBM;7mH- b /2b+`B#2/ #Qp2X 
#vT`Q/m+i Q7 i?2 `2bi`B+iBQMb 7`QK i?2b2 KQ/2Hb Bb i?i i?2 `2bmHiBM; b?Q+Fb `2 r2HH@#2?p2/
M/ /BbTHv /2bB`#H2 biiBbiB+H 72im`2b- BM T`iB+mH`- MQ b2`BH +Q``2HiBQMX
Hi2`MiBp2Hv- b?Q+Fb Kv #2 B/2MiB}2/ rBi?Qmi i?2 2tTHB+Bi mb2 Q7  KQ/2HX h?Bb Bb ivT@
B+HHv i?2 +b2 Q7 M``iBp2 K2i?Q/bX h?Bb Hi2`MiBp2 B/2MiB}+iBQM `2HB2b QM i?2 2tBbi2M+2
Q7 ?BbiQ`B+H bQm`+2b Ubm+? b Q{+BH /Q+mK2MiiBQM- T2`BQ/B+Hb- 2i+XXXV i?i HHQr i?2 `2@
b2`+?2` iQ i`+2 i?2 +mb2 M/ bBx2 Q7 bm+? b?Q+FbX h?2b2 K2i?Q/b- r?B+? /2T2M/ +`m+BHHv
QM i?2 `B+?M2bb Q7 i?2 /i M/ i?2 Dm/;K2Mi Q7 i?2 `2b2`+?2`- Qz2` M 2t+2HH2Mi QTTQ`imMBiv
iQ }M/ 2tQ;2MQmb p`BiBQM BM ;;`2;i2 /iX >Qr2p2`- /m2 iQ  H+F Q7  bm#D+2Mi KQ/2H-
i?2 `2bmHiBM; iBK2 b2`B2b Kv /BbTHv mM/2bB`#H2 72im`2bX
AM i?Bb b2+iBQM- r2 T`QpB/2 2pB/2M+2 Q7 T2`bBbi2M+2 BM 2B;?i T`QKBM2Mi ;;`2;i2 b?Q+Fb
`2Hi2/ iQ KQM2i`v M/ }b+H TQHB+vX aQK2 Q7 i?2b2 b?Q+Fb `2 B/2MiB}2/ mbBM; M``iBp2
K2i?Q/b- r?BH2 bQK2 2KTHQv Hi2`MiBp2 bi`i2;B2b bm+? b iBKBM; `2bi`B+iBQMb mbBM; ?B;?@
7`2[m2M+v K2i?Q/bX AM T`iB+mH`- _QK2` M/ _QK2` UkyRyV M/ *HQvM2 UkyRjV +QMbi`m+i
K2bm`2b Q7 2tQ;2MQmb it +?M;2b 7Q` i?2 la M/ i?2 lE- `2bT2+iBp2HvX h?2 mi?Q`b +HbbB7v
H2;BbHi2/ it K2bm`2b ++Q`/BM; iQ i?2 KQiBpiBQM- b `2~2+i2/ BM Q{+BH /Q+mK2MiiBQM-
M/ +QMbB/2` i?Qb2 it +?M;2b i?i `2 i?2 `2bmHi Q7 +mb2b MQM@`2Hi2/ iQ i?2 bii2 Q7 i?2
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Ryq2 BKTH2K2Mi i?2 bKHH bKTH2 +Q``2+iBQM 7QHHQrBM; GDmM; M/ "Qt URNd3VX 6Q` i?2 +b2b Q7 `2xFB 2i HX
UkyRdV M/ :mD`/Q 2i HX UkyR9V- r?B+? `272` iQ TM2H /i- r2 i2bi b2`BH +Q``2HiBQM mbBM;  ;2M2`HBx2/
p2`bBQM Q7 i?2 miQ+Q``2HiBQM i2bi T`QTQb2/ #v `2HHMQ M/ "QM/ URNNRV i?i bT2+B}2b i?2 MmHH ?vTQi?2bBb
Q7 MQ miQ+Q``2HiBQM i  ;Bp2M H; Q`/2`X
2+QMQKvX AM  bBKBH` p2BM- _K2v M/ wm#B`v UkyR3V +QMbi`m+i  K2bm`2 Q7 ;Qp2`MK2Mi
bT2M/BM; b?Q+Fb #v HQQFBM; i i?2 MMQmM+2K2Mib Q7 7mim`2 +?M;2b BM /272Mb2 bT2M/BM;X
:mD`/Q 2i HX UkyR9V +QMbi`m+i  b2`B2b Q7 }b+H +QMbQHB/iBQMb BM P1*. +QmMi`B2b KQiB@
pi2/ #v  /2bB`2 iQ `2/m+2 i?2 /2}+Bi Ub QTTQb2/ iQ KQiBpi2/ #v +m``2Mi Q` T`QbT2+iBp2
2+QMQKB+ +QM/BiBQMbVX _QK2` M/ _QK2` Ukyy9V M/ *HQvM2 M/ >Ƀ`i;2M UkyReV B/2MiB7v
2tQ;2MQmb +?M;2b BM KQM2i`v TQHB+v #v HQQFBM; i i?2 KBMmi2b M/ /Bb+mbbBQM Q7 i?2 KQM@
2i`v TQHB+v +QKKBii22b Q7 i?2 62/2`H _2b2`p2 M/ "MF Q7 1M;HM/- `2bT2+iBp2Hv Ui?2v HbQ
Q`i?Q;QMHBx2/ i?2 `2bmHiBM; b2`B2b mbBM; 7Q`2+bi#H2 BM7Q`KiBQM pBH#H2 i i?i iBK2VX H@
i2`MiBp2Hv- :2`iH2` M/ E`/B UkyR8V B/2MiB7v  T`Qtv Q7 KQM2i`v TQHB+v b?Q+Fb mbBM; ?B;?
7`2[m2M+v bm`T`Bb2b `QmM/ TQHB+v MMQmM+2K2MibX GbiHv- `2xFB 2i HX UkyRdV +QMbi`m+i 
K2bm`2 Q7 M2rb b?Q+Fb #b2/ QM i?2 /i2 M/ bBx2 Q7 rQ`H/rB/2 ;BMi QBH /Bb+Qp2`B2bX q?BH2
bQK2 Q7 i?2b2 TT2`b 2KTHQv mtBHB`v `2;`2bbBQMb iQ BbQHi2 7Q`2+bi#H2 BM7Q`KiBQM- HH ?p2
BM +QKKQM i?i i?2 b?Q+Fb ?p2 MQi #22M 2t+HmbBp2Hv B/2MiB}2/ 7`QK  iBK2 b2`B2b KQ/2HX
hQ i2bi 7Q` i?2 T`2b2M+2 Q7 T2`bBbi2M+2 r2 mb2  TQ`iKMi2m@ivT2 i2bi 7QHHQrBM; "Qt M/
SB2`+2 URNdyVXRy h?2 MmHH ?vTQi?2bBb Bb i?i i?2 /i `2 MQi b2`BHHv +Q``2Hi2/X q2 i2bi 7Q`
i?2 T`2b2M+2 Q7 miQ+Q``2HiBQM BM 9y T2`BQ/b- Hi?Qm;? `2bmHib `2 `Q#mbi iQ /Bz2`2Mi ?Q`BxQMb
Ub22 h#H2 .XRVX
h?2 `2bmHib 7`QK i?2b2 i2bib `2 /BbTHv2/ BM h#H2 RX Pmi Q7 i?2 2B;?i +QMbB/2`2/ b?Q+Fb-
h?2 i?B`/ +QHmKM BKTH2K2Mib i?2 "Qt M/ SB2`+2 URNdyV i2bi Q7 b2`BH +Q``2HiBQM mbBM; i?2 bKHH bKTH2
+Q``2+iBQM 7QHHQrBM; GDmM; M/ "Qt URNd3VX h?2 MmHH ?vTQi?2bBb Q7 i?Bb i2bi bbmK2b i?i i?2 /i `2 MQi
b2`BHHv +Q``2Hi2/ rBi?BM 9y T2`BQ/bX 6Q` `2xFB 2i HX UkyRdV M/ :mD`/Q 2i HX UkyR9V- r?B+? `272` iQ TM2H
/i- r2 mb2  ;2M2`HBx2/ p2`bBQM Q7 i?2 miQ+Q``2HiBQM i2bi T`QTQb2/ #v `2HHMQ M/ "QM/ URNNRVX h?2
b2`BH +Q``2HiBQM i2bi vB2H/b T@pHm2b bKHH2` i?M yXy8 r?2M i2biBM; i?2 b?Q+Fb Q7 _QK2` M/ _QK2` Ukyy9V
rBi? 72r2` H;b Q` r?2M mbBM; i?2 mT/i2/ /i 7`QK *QB#BQM UkyRkV UT@pHm2 /`QTb iQ yXyy9RVX _K2v M/
wm#B`v UkyR3V mb2b 2ti2M/2/ /i 7`QK _K2v UkyRRVX
bBt b?Qr p2`v H`;2 i2bi biiBbiB+b i?i `2bmHi BM `2D2+iBQMb Q7 i?2 ?vTQi?2bBb Q7 b2`BH mM+Q`@
h#H2 R, S2`bBbi2M+2 BM K+`Q2+QMQKB+ b?Q+Fb
TT2` ivT2 Q7 b?Q+F "Qt@SB2`+2 U9yV i2bi T@pHm2
`2xFB 2i HX UkyRdV M2rb #Qmi QBH /Bb+Qp2`B2b RddXNyj yXyyy
*HQvM2 UkyRjV it UlEV N3Xd8R yXyyy
*HQvM2 M/ >Ƀ`i;2M UkyReV KQM2i`v TQHB+v UlEV 39X9kk yXyyy
:2`iH2` M/ E`/B UkyR8V KQM2i`v TQHB+v UlaV Rk9X8e3 yXyyy
:mD`/Q 2i HX UkyR9V }b+H +QMbQHB/iBQMb R38X3Ry yXyyy
_K2v M/ wm#B`v UkyR3V ;Qp2`MK2Mi bT2M/BM; R3kXN8y yXyyy
_QK2` M/ _QK2` Ukyy9V KQM2i`v TQHB+v UlaV 8jXd83 yXydk
_QK2` M/ _QK2` UkyRyV it UlaV RNXykj yXNN3
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RRh?2 ?vTQi?2bBb Q7 b2`BH mM+Q``2HiBQM Bb `2D2+i2/ 7Q` bB;MB}+M+2 H2p2Hb #2HQr 8W r?2M +QMbB/2`BM; 72r2`
H;b BM i?2 i2bi Q` r?2M +QMbB/2`BM;  HQM;2` b2`B2b UrBi? mT/i2/ /iV 7`QK *QB#BQM UkyRkVX h?2 T`2b2M+2
Q7 bQK2 /2;`22 Q7 miQ+Q``2HiBQM Bb b?QrM BM SM2H 1 Q7 6B;m`2 .RX
`2HiBQM 7Q` Mv H2p2H Q7 bB;MB}+M+2X PM2 Q7 i?2K U_QK2` M/ _QK2` Ukyy9VV /BbTHvb bQK2
/2;`22 Q7 b2`BH +Q``2HiBQM r?B+? H2/b iQ 7BHm`2 iQ `2D2+i i?2 MmHH ?vTQi?2bBb QMHv 7Q` bB;MB}@
+M+2 H2p2Hb #Qp2 8WXRR b 7m`i?2` 2pB/2M+2 Q7 i?2 T`2b2M+2 Q7 b2`BH +Q``2HiBQM BM i?2 #Qp2
b2`B2b- 6B;m`2 .R THQib i?2 bbQ+Bi2/ +Q``2HQ;`KbX _QK2` M/ _QK2` UkyRyV +QMbiBimi2b
i?2 QMHv +QMbB/2`2/ b?Q+F 7Q` r?B+? r2 7BH iQ /2i2+i i?2 T`2b2M+2 Q7 T2`bBbi2M+2X
S2`bBbi2M+2 Kv ?p2 /Bz2`2Mi Q`B;BMbX AM bQK2 BMbiM+2b- Bi `Bb2b #2+mb2 Q7 i?2 K2i?Q/
mb2/ iQ +QMp2`i  MQKBMH b2`B2b BMiQ `2H i2`KbX 6Q` 2tKTH2- *HQvM2 UkyRjV M/ `2xFB
2i HX UkyRdV /BpB/2 i?2B` b2`B2b #v H;;2/ :.S- r?BH2 _K2v M/ wm#B`v UkyR3V mb2 i?2
:.S /2~iQ` M/  K2bm`2 Q7 i`2M/ :.SX AM Qi?2` BMbiM+2b- i?2 b2`BH +Q``2HiBQM `Bb2b
#2+mb2 Q7 i?2 KTTBM; #2ir22M /Bz2`2Mi iBK2 7`2[m2M+B2bX h?Bb Bb mbmHHv i?2 +b2 rBi?
i?2 B/2MiB}+iBQM Q7 KQM2i`v TQHB+v b?Q+Fb- bm+? b _QK2` M/ _QK2` Ukyy9V- :2`iH2` M/
E`/B UkyR8V- Q` *HQvM2 M/ >Ƀ`i;2M UkyReV- r?2`2 /BHv KQM2i`v +?M;2b `2 +QMp2`i2/
BMiQ KQMi?Hv b2`B2bX 6BMHHv- i?2`2 `2 Qi?2` b?Q+Fb i?i `2 KQ`2 HBF2Hv iQ TT2` iQ;2i?2`-
yt = δxt + ut
xt = γxt−1 + εt, URV
#2+mb2 Q7 i?2B` KmHiB@T2`BQ/ Mim`2 U7Q` 2tKTH2- 2TBbQ/2b Q7 }b+H +QMbQHB/iBQMb- b B/2M@
iB}2/ #v :mD`/Q 2i HX UkyR9V- i2M/ iQ #2 bT`2/ Qp2` i?2 +Qm`b2  72r v2`bV Q` #2+mb2 Q7
i?2v +Hmbi2` Q`mM/ 2p2Mib HBF2 r`b Ub BM _K2v M/ wm#B`v UkyR3VVX
6`QK i?2 2+QMQK2i`B+ TQBMi Q7 pB2r- b?Q+Fb +M #2 b22M b 7Q`2+biBM; 2``Q`bX A7 i?2 HQbb
7mM+iBQM Bb [m/`iB+- i?2 #2bi 7Q`2+bi Bb i?2 +QM/BiBQMH 2tT2+iiBQM M/ 7Q`2+bi 2``Q`b
#2+QK2 K`iBM;H2 /Bz2`2M+2 b2[m2M+2 UKX/XbVX 6Q` Qi?2` HQbb 7mM+iBQMb U2X;X i?2 +?2+F
7mM+iBQMV i?2 7Q`2+bi 2``Q`b Kv MQi #2 KX/Xb M/ i?2`27Q`2 i?2v +M b?Qr +2`iBM b2`BH
+Q``2HiBQMX
AM HB;?i Q7 i?Bb 2pB/2M+2- r2 +QM+Hm/2 i?i KMv `2H2pMi M``iBp2Hv@B/2MiB}2/ 2KTB`B@
+H b?Q+Fb /BbTHv T2`bBbi2M+2 M/ ?2M+2 /Q MQi K22i QM2 Q7 i?2 +?`+i2`BbiB+b Q7 b?Q+Fb
K2MiBQM2/ #Qp2 U_K2v UkyReVVX >2M+2- r2 /BbiBM;mBb? #2ir22M bi`B+iHv@/2}M2/ b?Q+Fb-
r?B+? b?`2 HH i?2 /2}MBM; +?`+i2`BbiB+b UBM+Hm/BM; MQ miQ+Q``2HiBQMV M/ r2FHv@/2}M2/
b?Q+Fb- r?B+? Kv #2 miQ+Q``2Hi2/X q2 rBHH b22 i?i T2`bBbi2Mi- M``iBp2Hv@B/2MiB}2/
b?Q+Fb biBHH +QMiBM BKTQ`iMi p`BiBQM i?i HHQrb i?2 `2b2`+?2` iQ i`+2 i?2 /vMKB+ `2@
bTQMb2 Q7 `2H2pMi K+`Q2+QMQKB+ p`B#H2bX 6Q` i?Bb `2bQM- BM i?2 M2ti b2+iBQM r2 bim/v
?Qr T2`bBbi2M+2 z2+ib i?2 +QKTmiiBQM Q7 /vMKB+ `2bTQMb2b- M/ ?Qr Bi +M #2 ++QmMi2/
7Q` iQ HHQr B/2MiB}+iBQM Q7 i?2 Q#D2+ib Q7 BMi2`2biX
j h?2Q`2iB+H 7`K2rQ`F
qBi?Qmi HQbb Q7 ;2M2`HBiv- +QMbB/2` i?2 7QHHQrBM; bBKTH2 /i ;2M2`iBM; T`Q+2bb,
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RkHi?Qm;? r2 i?BMF Q7 xt b  b?Q+F UT`Q##Hv `2bmHiBM; 7`QK  M``iBp2 B/2MiB}+iBQMV- Bi +QmH/ #2 BM
T`BM+BTH2 Mv K+`Q2+QMQKB+ p`B#H2 i?i /BbTHvb T2`bBbi2M+2X
r?2`2 yt Bb i?2 2+QMQKB+ Qmi+QK2 p`B#H2 U7Q` 2tKTH2- :.SV- xt Bb M 2+QMQKB+ b?Q+F U2X;X
 }b+H Q` KQM2i`v TQHB+v b?Q+FV rBi? E(xtut) = 0- M/ ut M/ εt `2 r?Bi2 MQBb2b rBi?
K2M M/ p`BM+2 ;Bp2M #v ut ∼ (μu, σ2u) M/ εt ∼ (με, σ2ε)X 6QHHQrBM; i?2 2pB/2M+2 7QmM/ BM
i?2 T`2pBQmb b2+iBQM- bvbi2K URV HHQrb 7Q` i?2 b?Q+F p`B#H2 iQ #2 b2`BHHv +Q``2Hi2/X h?Bb
T2`bBbi2M+2 Bb +Tim`2/ #v i?2 T`K2i2` γXRk δ K2bm`2b i?2 +QMi2KTQ`M2Qmb BKT+i Q7
p`B#H2 xt QM yt M/ Bb i?2 KBM T`K2i2` Q7 BMi2`2biX
h?2 /i ;2M2`iBM; T`Q+2bb /2b+`B#2/ #v bvbi2K URV Bb BMi2MiBQMHHv bBKTH2 iQ BHHmbi`i2
?Qr i?2 /vMKB+ `2HiBQMb?BT #2ir22M i?2 /2T2M/2Mi p`B#H2 yt M/ i?2 b?Q+F xt /2T2M/b
QM i?2 T2`bBbi2M+2 Q7 i?2 Hii2`X AKTQ`iMiHv- i?2 Q#iBM2/ `2bmHib HbQ `Bb2 BM KQ`2 +QKTH2t
b2iiBM;bXRj
q2 `2 BMi2`2bi2/ BM `2+Qp2`BM; i?2 `2bTQMb2 Q7 Qm` p`B#H2 Q7 BMi2`2bi r?2M  b?Q+F ?Bib
i?2 bvbi2K BM T2`BQ/ tX h?Bb biiBbiB+ Bb FMQrM b i?2 BKTmHb2 `2bTQMb2 7mM+iBQM- r?B+? r2
/2MQi2 #v R(h) 7Q` T2`BQ/ h,
R(h) = E [yt+h|xt = 1,Ωt−1]− E [yt+h|xt = 0,Ωt−1] , UkV
r?2`2 Ωt−1 `2T`2b2Mib HH i?2 ?BbiQ`v Q7 T`2pBQmb `2HBxiBQMb Q7 εt M/ xt mT iQ T2`BQ/
t − 1X AKTQ`iMiHv- MQi2 i?i i?2 #Qp2 /2}MBiBQM /Q2b MQi +QM/BiBQM 7Q` 7mim`2 `2HBxiBQMb
Q7 xtX >2M+2- B7 γ = 0- M BMBiBH mMBi BKTmHb2 BM xt /Q2b MQi BKTHv i?i xt+j = 0XR9 AM Qi?2`
rQ`/b- 2[miBQM UkV /2b+`B#2b /vMKB+ `2bTQMb2b i?i BM+Hm/2 i?2 TQbbB#H2 T2`bBbi2M+2 Q7 i?2











>Qr2p2`- i?2 `2b2`+?2` KB;?i HbQ #2 BMi2`2bi2/ BM i?2 `2bTQMb2 iQ i?2 b?Q+F b B7 i?2
b?Q+F ?/ MQ T2`bBbi2M+2X q2 +HH i?Bb `2bTQMb2 R(h)∗ M/ /2}M2 Bi b,
R(h)∗ = E [yt+h|xt = 1, xt+1, ..., xt+h,Ωt−1]− E [yt+h|xt = 0, xt+1, ..., xt+h,Ωt−1] . UjV
*QMi``v iQ 2[miBQM UkV- 2[miBQM UjV +QMi`QHb 7Q` 7mim`2 `2HBxiBQMb Q7 xt bQ i?i Bi
/2b+`B#2b /vMKB+ `2bTQMb2b i?i /Q MQi BM+Q`TQ`i2 i?2 2z2+i Q7 T2`bBbi2M+2 U`2;`/H2bb Q7
i?2 pHm2 Q7 γV- BX2X i?2 `2bTQMb2b `2 Q#b2`piBQMHHv 2[mBpH2Mi iQ i?Qb2 i?i rQmH/ `Bb2
RjAM am#b2+iBQM jXj- r2 +QMbB/2` KQ`2 +QKTH2t KQ/2Hb i?i BM+Hm/2 T2`bBbi2M+2 BM i?2 /2T2M/2Mi p`B#H2-
H;;2/ 2z2+ib Q7 i?2 b?Q+F- M/ xt b M BMbi`mK2Mi Q7  i`m2 b?Q+FX
R9h?Bb BKTmHb2 `2bTQMb2 Bb 2[mBpH2Mi iQ R(h) = E [yt+h|εt = 1, εt+1 = 0, ..., εt+h = 0,Ωt−1] −
E [yt+h|εt = 0, εt+1 = 0, ..., εt+h = 0,Ωt−1]X a22- 7Q` 2tKTH2- EQQT 2i HX URNNeVX
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R8h?Bb `2;`2bbBQM b?QmH/ BM+Hm/2 b KMv H;b b i?2 `2bTQMb2 ?Q`BxQM h = 0, 1, . . . , HX
RelM`2Hi2/ iQ Qm` +b2 i ?M/- MQi2 i?i i?2 bi`m+im`2 Q7 i?2 GSb BM/m+2 b2`BH +Q``2HiBQM BM i?2 `2bB/mHb
ξt+hX h?Bb Bb mbmHHv +Q``2+i2/ #v +QKTmiBM; miQ+Q``2HiBQM@`Q#mbi biM/`/ 2``Q`b UCQ`/¨ Ukyy8VVX
LQi2 i?i- B7 γ = 0 Ui?2 b?Q+F Bb MQi T2`bBbi2MiV- i?2M R(h) = R(h)∗ ∀ hX "v +QMi`bi- B7
γ = 0- i?2M R(h) = R(h)∗ ∀ h > 0X
jXR .Bz2`2M+2b #2ir22M J `2;`2bbBQMb M/ GSb mM/2` T2`bBb@
i2M+2
q2 MQr +QMbB/2` i?2 irQ KQbi 7`2[m2MiHv mb2/ K2i?Q/b iQ 2biBKi2 BKTmHb2 `2bTQMb2b- J
`2;`2bbBQMb M/ GSb- M/ +QKT`2 i?2 Q#D2+ib i?i i?2v B/2MiB7v r?2M i?2 b?Q+F Bb T2`bBbi2MiX
q2 }`bi +QMbB/2` i?2 +b2 Q7 J `2;`2bbBQMbX h?Bb Bb i?2 mM/2`HvBM; K2i?Q/ 2KTHQv2/ #v
o_b iQ `2+Qp2` i?2 `2bTQMb2 iQ  b?Q+F M/ Bib mb2 Bb rB/2bT`2/ BM TTHB2/ K+`Q2+QMQKB+bX
AM i?2 +b2 Q7 bvbi2K URV- MQi2 i?i r2 +M `2+Qp2` i?2 `2bTQMb2 7mM+iBQM R(h)MA mbBM; i?2
7QHHQrBM; `2;`2bbBQM,R8
yt = θ0xt + θ1xt−1 + θ2xt−2 + θ3xt−3 + θ4xt−4 + . . .+ et, U9V
M/ Bi 7QHHQrb i?i R(h)MA = ∂yt+h
∂xt
= θh ∀ hX
h?2 b2+QM/ KBM K2i?Q/ iQ +QKTmi2 BKTmHb2 `2bTQMb2b Bb GSb- T`QTQb2/ #v CQ`/¨ Ukyy8VX
GSb `2 KQ`2 `Q#mbi iQ +2`iBM bQm`+2b Q7 KBbbT2+B}+iBQM M/ 7Q` i?Bb `2bQM- i?2B` mb2 ?b
BM+`2b2/ BM `2+2Mi iBK2b Ub22 _K2v UkyReV 7Q` 2tKTH2bVX GSb +QKTmi2 BKTmHb2 `2bTQMb2b
#v 2biBKiBM; M 2[miBQM 7Q` 2+? `2bTQMb2 ?Q`BxQM h = 0, 1, . . . , H,
yt+h = δhxt + ξt+h, U8V
r?2`2 i?2 b2[m2M+2 Q7 +Q2{+B2Mib {δh}Hh=0 /2i2`KBM2 i?2 `2bTQMb2 Q7 i?2 p`B#H2 Q7 BMi2`2bi
R(h)LP = δh 7Q` 2+? ?Q`BxQM hXRe
q2 MQr +QMbB/2` mM/2` r?B+? +QM/BiBQMb #Qi? K2i?Q/b B/2MiB7v i?2 bK2 Q#D2+ibX
S`QTQbBiBQM RX :Bp2M i?2 /i ;2M2`iBM; T`Q+2bb /2b+`B#2/ #v bvbi2K URV- B7 i?2 b?Q+F xt Bb
b2`BHHv mM+Q``2Hi2/- i?2M i?2 `2bTQMb2 7mM+iBQMb B/2MiB}2/ #v J `2;`2bbBQMb M/ GSb `2
2[mH 7Q` HH `2bTQMb2 ?Q`BxQMb- i?i Bb,
A7 γ = 0- i?2M R(h)MA = R(h)LP = R(h)∗ = R(h) ∀hX
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Rdq2 rBHH BM+Q`TQ`i2 i?2K BM Qm` bBKmHiBQM 2t2`+Bb2b BM i?2 M2ti bm#b2+iBQMX
R3q?2M m;K2MiBM; bvbi2K URV bQ i?i yt ?b T2`bBbi2M+2 b yt = ρyt−1+ δxt+ut- i?2M i?2 GSb +Q2{+B2Mi
HbQ `2+Qp2`b i?Bb //BiBQMH 2z2+i, δ1 = δρ+ δγX
A7 i?2 b?Q+F Bb b2`BHHv +Q``2Hi2/- i?2M i?2 `2bTQMb2 7mM+iBQMb B/2MiB}2/ #v J `2;`2bbBQMb
M/ GSb `2 /Bz2`2Mi 7Q` HH h > 0,
A7 γ = 0 M/ h = 0- i?2M R(h)MA = R(h)LP = R(h)∗ = R(h)X
A7 γ = 0 M/ h ≥ 1- i?2M R(h)MA = R(h)∗ = R(h)LP = R(h)X
S`QQ7X a22 TT2M/Bt XRX
6QHHQrBM; i?2 #Qp2 T`QTQbBiBQM- r?2M γ = 0- GSb `2+Qp2`  /vMKB+ `2bTQMb2 i?i
BM+Hm/2b i?`22 /vMKB+ 2z2+ib, UBV i?2 2z2+i i?i xt ?b /B`2+iHv QM yt+h U/m2 iQ  H;;2/
BKT+i Q7 i?2 b?Q+FV- UBBV i?2 2z2+i i?i xt ?b i?`Qm;? i?2 T2`bBbi2M+2 Q7 yt- M/ UBBBV i?2
2z2+i i?i xt ?b QM yt+h i?`Qm;? xt+h UbBM+2 cov(xt, xt+h) = 0 r?2M γ = 0VX h?2 }`bi
irQ 2z2+ib `2 7`2[m2MiHv i?2 Q#D2+ib i?i i?2 2+QMQK2i`B+BM BKb i `2+Qp2`BM;X h?2v `2
BM/2T2M/2Mi Q7 γ M/ `2 b?mi /QrM BM Qm` bBKTH2 bT2+B}+iBQM Q7 bvbi2K URVXRd h?2 Hbi
2z2+i Ui?2 T2`bBbi2M+2 2z2+i Q7 xtV /`Bp2b i?2 /Bz2`2M+2 #2ir22M R(h)MA M/ R(h)LP X AM
T`iB+mH`- R(h)LP = R(h) = δγh- r?BH2 R(h)MA = R(h)∗ = 0 7Q` HH h ≥ 1X
hQ mM/2`biM/ r?v GSb- mMHBF2 J `2;`2bbBQMb- BM+Q`TQ`i2 i?Bb i?B`/ 2z2+i /m2 iQ i?2
T2`bBbi2M+2 Q7 xt- +QMbB/2` i?2 GSb r?2M h = 1,
yt+1 = δ1xt + ξt+1, UeV
r?2`2 δ1 = R(1)LP X h?2 /B`2+i 2z2+i Q7 xt QM yt+1 Bb yX A7 xt ?/ MQ T2`bBbi2M+2- i?2M δ1
rQmH/ #2 yX >Qr2p2`- r?2M γ = 0- r2 +M mb2 bvbi2K URV iQ 2tT`2bb yt+1 b  7mM+iBQM Q7 xt,
yt+1 = δxt+1 + ut+1
= δ (γxt + εt+1) + ut+1
= δγxt + u
∗
t+1,
r?2`2 u∗t+1 = δεt+1+ut+1X h?Bb b?Qrb i?i i?2 +Q2{+B2Mi δ1 BM 2[miBQM UeV rBHH HbQ `2+Qp2`
i?2 T2`bBbi2M+2 2z2+i Q7 xt, δ1 = δγXR3 h?2 BMimBiBQM Bb i?i #2ir22M T2`BQ/ t M/ T2`BQ/
t+1- xt z2+ib xt+1 r?2M γ = 0X aBM+2 xt+1 Bb MQi  `2;`2bbQ` BM 2[miBQM UeV- i?2M i?Bb 2z2+i
Bb #bQ`#2/ #v δ1X
q?2M BKTmHb2 `2bTQMb2b `2 B/2MiB}2/ mbBM; J `2;`2bbBQMb- i?2 i`2iK2Mi Q7 i?2 T2`bBb@
i2M+2 Q7 xt Bb /Bz2`2MiX hQ b22 Bi KQ`2 +H2`Hv- +QMbB/2`  p2`bBQM Q7 2[miBQM U9V 2tT`2bb2/
BM i2`Kb Q7 t+ 1,
yt+1 = θ0xt+1 + θ1xt + θ2xt−1 + θ3xt−2 + θ4xt−3 + . . .+ et+1. UdV
b MQi2/ 2`HB2`- i?2 b2[m2M+2 Q7 +Q2{+B2Mib θh /2i2`KBM2b i?2 `2bTQMb2 7mM+iBQMX *QMbB/2`
i?2 `2bTQMb2 r?2M h = 1- BX2X R(1)MA = θ1X LQi2 i?i r?BH2 r2 FMQr 7`QK bvbi2K URV i?i
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RNAM T`+iB+2- i?2 `2b2`+?2` Kv +QKTmi2 M BKTmHb2 `2bTQMb2 7mM+iBQM MHviB+HHv BMbi2/ Q7 2biBKiBM;
2[miBQM U9V- #v bBKmHiBM; i?2 Ti? Q7 yt mbBM; i?2 }`bi 2[miBQM Q7 bvbi2K URV M/ b2iiBM; xt = 1 BM iBK2
t M/ xt = 0 7Q` i?2 `2bi Q7 i?2 T2`BQ/bX h?2 `2bmHib rQmH/ #2 2[mBpH2Mi iQ i?Qb2 Q#iBM2/ 7`QK 2biBKiBM;
2[miBQM U9V, BM i?2 }`bi +b2 i?2 `2b2`+?2` MBp2Hv B;MQ`2b i?2 2tBbi2M+2 Q7 T2`bBbi2M+2 M/ BM i?2 b2+QM/
+b2 i?2 J `2T`2b2MiiBQM BKTHB+BiHv ++QmMib 7Q` i?2 2z2+i Q7 T2`bBbi2M+2X
ky6Q` 2tKTH2- γ b22Kb iQ #2 TQbBiBp2 BM _K2v M/ wm#B`v UkyR3V- M/ M2;iBp2 BM _QK2` M/ _QK2`
Ukyy9VX
( ) U V
∂yt+1
∂xt
= δγ- i?2 +Q2{+B2Mi `2+Qp2`2/ #v θ1 Bb BM/22/ ∂yt+1∂xt
∣∣∣
xt+1
= 0X h?i Bb- bBM+2 i?2 J
`2T`2b2MiiBQM +QMi`QHb 7Q` xt+1- i?2 T2`bBbi2M+2 2z2+i Q7 xt Bb ++QmMi2/ 7Q`XRN
AM Qi?2` rQ`/b- J `2;`2bbBQMb B/2MiB7v,
R(h)MA = E [yt+h|xt = 1,Ωt−1, xt+h−1, ..., xt+1]− E [yt+h|xt = 0,Ωt−1, xt+h−1, ..., xt+1] ,
r?BH2 GSb B/2MiB7v,
R(h)LP = E [yt+h|εt = 1,Ωt−1]− E [yt+h|εt = 0,Ωt−1] .
LQi2 i?i i?2 /Bz2`2M+2 #2ir22MRLP M/RMA Bb TQbBiBp2 UM2;iBp2V r?2M γ > 0 Uγ < 0VX
AM 2KTB`B+H TTHB+iBQMb- γ Kv #2 TQbBiBp2 Q` M2;iBp2Xky
jXk _22bi#HBb?BM; i?2 2[mBpH2M+2 #2ir22M J `2;`2bbBQMb M/
GSb
AM i?Bb bm#b2+iBQM r2 Hv Qmi irQ K2i?Q/b i?i +M `2M/2` i?2 `2bTQMb2b 7`QK J `2;`2bbBQMb
M/ GSb B/2MiB+H- 2p2M mM/2` i?2 T`2b2M+2 Q7 T2`bBbi2M+2X
jXkXR /TiBM; GSb iQ 2t+Hm/2 i?2 2z2+i Q7 b2`BH +Q``2HiBQM
 `2b2`+?2` Kv #2 BMi2`2bi2/ BM `2+Qp2`BM; `2bTQMb2b b B7 i?2 b?Q+F r2`2 b2`BHHv mM+Q``2@
Hi2/X >Qr2p2`- r2 ?p2 b?QrM i?i RLP (h) = RMA(h) B7 γ = 0 M/ h ≥ 1X
hrQ TT`2Mi K2i?Q/b iQ pQB/ GSb TB+FBM; mT i?2 2z2+i Q7 T2`bBbi2M+2 BM xt `2, UBV iQ
BM+Hm/2 H;b BM i?2 `2;`2bbBQM U8V- Q` UBBV iQ `2TH+2 xt rBi? i?2 2``Q` i2`K i?i Tm`;2b Qmi
i?2 T2`bBbi2M+2,
εt = xt − γxt−1. U3V
>Qr2p2`- M2Bi?2` Q7 i?2b2 K2i?Q/b vB2H/b R∗(h)X h?2 `2bQM Bb i?i `2TH+BM; xt rBi? εt /Q2b
MQi BM+Hm/2 Mv 7m`i?2` BM7Q`KiBQM #2ir22M t M/ t + h- bQ i?2 `2bTQMb2b Q7 i?2 /2T2M/2Mi
p`B#H2 rBHH biBHH #2 z2+i2/ #v xt+hX h?Bb TQBMi Bb 7m`i?2` /2p2HQT2/ BM TT2M/Bt "XRX
 i?B`/ TQi2MiBH K2i?Q/ iQ 2t+Hm/2 i?2 2z2+i Q7 T2`bBbi2M+2 rQmH/ #2 `2+biBM; bvbi2K URV
b  o_ i?i BM+Hm/2b i?2 b?Q+F b M 2M/Q;2MQmb p`B#H2X >Qr2p2`- bBM+2 BM i?Bb +b2
GSb M/  o_ rQmH/ B/2MiB7v i?2 bK2 BKTmHb2 `2bTQMb2b Ub22 SH;#Q`;@JǠHH2` M/ qQH7
UkyRNVV i?2 o_ `2bTQMb2b rQmH/ HbQ BM+Hm/2 M 2z2+i /m2 iQ i?2 T2`bBbi2M+2 Q7 i?2 b?Q+Fě
r2 2tTHQ`2 i?Bb BM KQ`2 /2iBH BM TT2M/Bt "XkX
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AMbi2/- r2 T`QTQb2  K2i?Q/ #b2/ QM i?2 BM+HmbBQM Q7 H2/b Q7 i?2 T2`bBbi2Mi b?Q+F
p`B#H2X AM T`iB+mH`- ;Bp2M i?2 .:S Q7 2[miBQM URV- QM2 b?QmH/ `2;`2bb,
yt+h = δh,0xt + δh,1xt+1 + ξt+h, UNV
r?2`2 δh,0 Bb i?2 h@?Q`BxQM `2bTQMb2 B/2MiB}2/ #v GSb i?i BM+Hm/2 H2/b Q7 i?2 b?Q+F xt-
r?B+? r2 /2MQi2 b RF (h)X
S`QTQbBiBQM kX :Bp2M i?2 /i ;2M2`iBM; T`Q+2bb /2b+`B#2/ #v bvbi2K URV- i?2 `2bTQMb2
7mM+iBQM B/2MiB}2/ #v KQ/B}2/ GSb iQ  b?Q+F xt b /2b+`B#2/ BM 2[miBQM UNV Bb 2[mH iQ i?2
`2bTQMb2 b B7 i?2 b?Q+F ?/ MQ T2`bBbi2M+2 UM/ iQ i?2 `2bTQMb2 Q#iBM2/ 7`QK J `2;`2bbBQMb
b BM 2[miBQM U9VV- i?i Bb,
R(h)F = R(h)∗ = R(h)MA ∀ γ M/ hX
S`QQ7X a22 TT2M/Bt XkX
AMimBiBp2Hv- H2/b Q7 xt BM 2[miBQM UNV +i b +QMi`QHb 7Q` i?2 T2`bBbi2M+2 Q7 i?2 b?Q+F- bQ
i?i i?2 T`K2i2` δh,0 `2~2+ib i?2 /vMKB+ `2bTQMb2 iQ  +QmMi2`7+imH b2`BHHv@mM+Q``2Hi2/
b?Q+F- i?i Bb- +QMi`QHHBM; 7Q` i?2 2z2+i /m2 iQ ∂xt+1
∂xt
= 0 #mBHi BM bvbi2K URV r?2M γ = 0X
AM KQ`2 ;2M2`H T`Q+2bb2b- BM r?B+? i?2 miQ+Q``2HiBQM Q7 i?2 b?Q+F Kv #2 Q7 M Q`/2`
H`;2` i?M QM2- i?2 QTiBKH +?QB+2 Q7 H2/b +M #2 /2`Bp2/ /TiBM; i?2 T`Q+2/m`2 7`QK *?QB
M/ Em`QxmKB UkyRkVX h?2 KQbi +QMb2`piBp2 T`Q+2/m`2 rQmH/ #2 iQ BM+Hm/2 h H2/b Q7 i?2
b?Q+F BM 2+? T2`BQ/ hX q2 rBHH `2pBbBi i?Bb Bbbm2 BM a2+iBQM 9- r?2M +QMbB/2`BM; 2KTB`B+H
TTHB+iBQMbX
jXkXk /TiBM; J `2;`2bbBQMb iQ BM+Hm/2 i?2 2z2+i Q7 T2`bBbi2M+2
b MQi2/ 2`HB2`- R(h)MA = R(h)∗ `2;`/H2bb Q7 i?2 pHm2 Q7 γX >Qr2p2`- BM bQK2 BMbiM+2b
Ur2 /Bb+mbb i?Bb BM i?2 M2ti bm#b2+iBQMV- i?2 `2b2`+?2` Kv #2 BMi2`2bi2/ BM i?2 `2bTQMb2
i?i BM+Hm/2b i?2 2z2+i Q7 T2`bBbi2M+2 UR(h)VX AM i?Bb bm#b2+iBQM- r2 b?Qr ?Qr iQ /Ti
J `2;`2bbBQMb iQ `2+Qp2` i?2b2 `2bTQMb2bX AMimBiBp2Hv- i?2 B/2 Bb iQ +QKTmi2 i?2 BKTmHb2
`2bTQMb2b BM bvbi2K URV rBi? `2bT2+i iQ εt BMbi2/ Q7 xtX





γiεt−i + ut. URyV
h?2 `2bTQMb2b Q7 yt iQ εt- r?B+? r2 /2MQi2 #v R(h)MA−per- +M #2 Q#iBM2/ 7`QK i?2
+Q2{+B2Mib θ˜h BM,
yt = θ˜0εt + θ˜1εt−1 + θ˜2εt−2 + θ˜3εt−3 + θ˜4εt−4 + . . .+ et. URRV
S`QTQbBiBQM jX :Bp2M i?2 /i ;2M2`iBM; T`Q+2bb /2b+`B#2/ #v bvbi2K URV- i?2 `2bTQMb2
7mM+iBQM B/2MiB}2/ #v J `2;`2bbBQMb Q7 yt iQ i?2 BMMQpiBQM εt b /2b+`B#2/ BM 2[miBQM URRV
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jXj 1tKTH2b
AM i?Bb bm#b2+iBQM- r2 T2`7Q`K biQ+?biB+ bBKmHiBQMb Q7 i?2 bvKTiQiB+ #2?pBQ` Q7 i?2 BK@
TmHb2 `2bTQMb2 7mM+iBQMb mbBM; #Qi? GSb M/ J `2;`2bbBQMbX Pm` ;QH Bb irQ7QH/X 6B`bi- iQ
2pHmi2 [mMiBiiBp2Hv i?2 +QM+HmbBQMb `2+?2/ BM i?2 T`2pBQmb bm#b2+iBQM mbBM;  THmbB#H2
+HB#`iBQM Q7 i?2 T`K2i2`b i?i /2i2`KBM2 i?2 KQ/2HX a2+QM/- iQ +QMbB/2`  bHB;?iHv KQ`2
+QKTH2t UM/ `2HBbiB+V p2`bBQM Q7 i?2 /i ;2M2`iBM; T`Q+2bb i?i BM+Hm/2b `B+?2` 72im`2b
r?2`2 E(εt−sut−r) = 0 ∀s, r ≥ 0- M/ ut M/ εt 7QHHQr N (0, 1) /Bbi`B#miBQMbXkR q2 b2i
B0 = 1.5- B1 = 1- ρ = 0.9- M/ σ2ε = σ2uX
*QKT`2/ iQ bvbi2K URV- i?2 M2r .:S /2b+`B#2/ BM bvbi2K URkV BM+Hm/2b T2`bBbi2M+2 BM
i?2 Qmi+QK2 p`B#H2 i?`Qm;? ρ- M/ HHQrb i?2 b?Q+F xt iQ ?p2 H;;2/ 2z2+ib QM yt i?`Qm;?
B1Xkk
q2 bBKmHi2 i?2 bvbi2K #Qp2 /m`BM; Ryy KBHHBQM T2`BQ/b M/ `2+Qp2` i?2 /vMKB+ `2@
bTQMb2b Q7 yt iQ i?2 b?Q+F xt mbBM; GSb,
yt+h = ρyt−1 + βh,0xt + βh,1xt−1 + βh,fxt+1 + ξt+h. URjV
S`QTQbBiBQM j 2bi#HBb?2b  /B`2+i 2[mBpH2M+2 #2ir22M i?2 +Q2{+B2Mib Q#iBM2/ 7`QK 2[m@
iBQM URRV M/ i?Qb2 Q#iBM2/ 7`QK GSb BM 2[miBQM U8V, θ˜h = δh ∀ hX h?2 7Q`K2` `2 HbQ
`2Hi2/ iQ i?2 +Q2{+B2Mib 2biBKi2/ 7`QK i?2 J `2T`2b2MiiBQM BM i2`Kb Q7 xt- b BM 2[m@
iBQM U9V, θ0 = θ˜0 = δ- θ1 = θ˜1 − γθ˜0, . . . , θh = θ˜h − γθ˜h−1X AMimBiBp2Hv- i?2 `2bTQMb2 Q7 yt+1
iQ xt ?b M Qp2`HH 2z2+i Q7 δ1 = θ˜1- r?B+? BM+Hm/2b UBV i?2 /B`2+i 2z2+i Q7 xt QM yt+1 Uy- BM
Qm` bBKTH2 +b2V M/ UBBV i?2 2z2+i QM yt+1 i?i Bb /m2 iQ i?2 T2`bBbi2M+2 BM xt U;Bp2M #v γδVX
h?2 biM/`/ J 2biBKiBQM 7`QK 2[miBQM U9V- bBM+2 Bi ++QmMib 7Q` i?2 2pQHmiBQM Q7 xt Qp2`
i?2 `2bTQMb2 ?Q`BxQM- Bb BKTHB+BiHv bm#i`+iBM; i?2 T`i Q7 i?2 `2bTQMb2 i?i Bb ;Bp2M #v i?2
T2`bBbi2M+2 Q7 xt 7`QK i?2 Qp2`HH 2z2+iX
Bb 2[mBpH2Mi iQ i?2 `2bTQMb2 i?i BM+Hm/2b i?2 2z2+ib Q7 T2`bBbi2M+2 UM/ iQ i?2 `2bTQMb2
Q#iBM2/ 7`QK GSb b BM 2[miBQM U8VV,
R(h)MA−per = R(h) = R(h)LP ∀ γ M/ hX
S`QQ7X a22 TT2M/Bt XjX
yt = ρyt−1 +B0xt +B1xt−1 + ut
xt = γxt−1 + εt, URkV
kRq?2M γ = 0- i?Bb KQ/2H Bb bBKBH` iQ i?2 Ui`mM+i2/V KQpBM; p2`;2 `2T`2b2MiiBQMb Q7 i?2 2z2+ib Q7 it
+?M;2b Q7 _QK2` M/ _QK2` UkyRyV- #mi rBi? 72r2` H;b Q7 i?2 b?Q+FX q?2M yt Bb  p2+iQ`- i?Bb bT2+B}+iBQM
Bb Q7i2M `272``2/ iQ b o_@s Q o_ rBi? 2tQ;2MQmb p`B#H2bX a22- 7Q` 2tKTH2 H2bBM 2i HX UkyR8V Q`
J2`i2Mb M/ _pM UkyRkVX
kkq2 BMi`Q/m+2 i?Bb 2ti` H; Q7 i?2 b?Q+F iQ KF2 2tTHB+Bi i?2 /BbiBM+iBQM #2ir22M i?2 2z2+i /m2 iQ i?2
T2`bBbi2M+2 Q7 i?2 b?Q+F M/ i?2 2z2+i Q7 H;;2/ pHm2b Q7 i?2 b?Q+F QM +m``2Mi Qmi+QK2bX
7`2[m2MiHv T`2b2Mi BM `2H 2KTB`B+H TTHB+iBQMbX AM T`iB+mH`- r2 +QMbB/2` i?2 7QHHQrBM;
T`Q+2bb,
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kjh?2 +?QB+2 Q7 γ = 0.2 Bb #b2/ QM M 2KTB`B+H TTHB+iBQM i?i r2 rBHH T`2b2Mi BM i?2 M2ti b2+iBQMX P7
+Qm`b2- H`;2` pHm2b Q7 ρ rQmH/ vB2H/ ?B;?2` #Bb2b /m2 iQ i?2 T2`bBbi2M+2 Q7 i?2 T`Q+2bbX
q2 +QMbB/2` i?`22 +b2b, UBV MQ T2`bBbi2M+2 Uγ = 0V- rBi?Qmi BM+Hm/BM; H2/b BM i?2
2biBKiBQM UBX2X- b2iiBM; βh,f = 0Vc UBBV bQK2 T2`bBbi2M+2 Uγ = 0.2V M/ biBHH βh,f = 0c UBBBV bQK2
T2`bBbi2M+2 Uγ = 0.2V- BM+Hm/BM;  H2/ Q7 i?2 2tTHMiQ`v p`B#H2 UBX2X HHQrBM; βh,f = 0VXkj
LQi2 i?i 2[miBQM URjV Kmbi BM+Hm/2  H; Q7 b?Q+F xt iQ 2z2+iBp2Hv +Tim`2 i?2 2z2+i Q7
B1 BM bvbi2K URkVX >Qr2p2`- i?Bb /Q2b MQi +QMi`QH 7Q` i?2 TQi2MiBH T2`bBbi2M+2 Q7 b?Q+F xt-
b rBHH #2 TT`2Mi BM i?2 bBKmHiBQMbX
6B;m`2 R b?Qrb i?2 `2bmHib Q7 Qm` bBKmHiBQMbX AM +b2 UBV U/`F@#Hm2 bQHB/ HBM2V- i?2
`2bTQMb2 ?b  +QMi2KTQ`M2Qmb 2z2+i Q7 βˆ1,0 = 1.5 M/ T2Fb i i?2 7QHHQrBM; T2`BQ/ /m2
iQ i?2 i?2 7+i i?i #Qi? ρ M/ B1 ?p2 TQbBiBp2 pHm2bX lbBM; i?2 HM;m;2 Q7 i?2 T`2pBQmb
b2+iBQM- i?2 BKTmHb2 `2bTQMb2 7mM+iBQM 2biBKi2/ #v GSb rBi? MQ T2`bBbi2M+2 Bb bvKTiQiB+HHv
2[mBpH2Mi iQ i?2 QM2 Q#iBM2/ /B`2+iHv 7`QK 2[miBQM URjV- i?i Bb- Rˆ(h)LP → R(h)∗X
AM +b2 UBBV U`2/ bQHB/ HBM2V- i?2 BMi`Q/m+iBQM Q7 T2`bBbi2M+2 BM i?2 b?Q+F xt `2bmHib BM  H`;2`
2z2+i QM yt QM HH ?Q`BxQMb 7i2` BKT+iX h?Bb ?b TQi2MiBHHv BKTQ`iMi BKTHB+iBQMb, B7 
K+`Q2+QMQKBbi Bb BMi2`2bi2/ BM i?2 2z2+ib Q7  b2`BHHv@mM+Q``2Hi2/ b?Q+F Ub BM KQbi ;2M2`H
2[mBHB#`BmK KQ/2HbV- #mi MBp2Hv 2biBKi2b 2[miBQM URjV- BKTHB+BiHv b2iiBM; βh,f = 0- i?2M i?2
6B;m`2 R, aBKmHi2/ `2bTQMb2b mbBM; GSb










  0 & leads
h?Bb };m`2 b?Qrb i?2 `2bTQMb2 Q7  bBKmHi2/ Qmi+QK2 p`B#H2 iQ  b?Q+F rBi? /Bz2`2Mi /2;`22b Q7 T2`bBbi2M+2-
mbBM; GSbX h?2 /`F #Hm2 HBM2 b?Qrb i?2 `2bmHib Q7 2biBKiBM; 2[miBQM URjV bbmKBM; γ = 0 BM 2[miBQM URkVX
h?2 `2/ HBM2 b?Qrb i?2 bK2 2biBKiBQM r?2M γ = 0.2X h?2 /b?2/ ;`2v HBM2 b?Qrb i?2 `2bTQMb2 7i2` BM+Hm/BM;
H2/b Q7 i?2 b?Q+F b BM 2[miBQM URjV M/ biBHH bbmKBM; γ = 0.2X
/vMKB+ `2bTQMb2 Bb mTr`/Hv #Bb2/ /m2 iQ i?2 T2`bBbi2M+2 Q7 i?2 b?Q+F- BX2X Rˆ(h)LP > R(h)∗
7Q` h > 0X :Bp2M i?2 bbmKTiBQMb QM i?2 miQ+Q``2HiBQM Q7 i?2 T`Q+2bb xt- i?2 #Bb Bb
T`iB+mH`Hv H`;2 BM i?2 b?Q`i M/ K2/BmK `mMX >B;?2` pHm2b Q7 i?2 T2`bBbi2M+2 T`K2i2`b
γ M/ ρ rQmH/ BM+`2b2 i?2 /Bz2`2M+2 #2ir22M #Qi? `2bTQMb2b U#Hm2 M/ `2/ HBM2b BM 6B;m`2 RVX
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k9"2F M/ G22 UkyRNV b?Qr i?i 7Q` miQ`2;`2bbBp2 /Bbi`B#mi2/ H; KQ/2Hb- b2iiBM; i?2 H; Q`/2` iQ > Bb 
M2+2bb`v +QM/BiBQM iQ +?B2p2 +QMbBbi2M+vX
AM +b2 UBBBV U/b?2/ ;`2v HBM2 BM 6B;m`2 RV- r2 b22 i?i i?2 BM+HmbBQM Q7 H2/b Q7 xt `2M/2`b
i?2 `2bTQMb2 Q7 i?2 Qmi+QK2 p`B#H2 iQ  T2`bBbi2Mi b?Q+F B/2MiB+H iQ i?2 QM2 Q#iBM2/ r?2M
+QMbB/2`BM;  b?Q+F rBi?Qmi T2`bBbi2M+2- BX2X Rˆ(h)F → R(h)∗X AM TT2M/Bt "Xj r2 T`QpB/2
M Hi2`MiBp2 bBKmHiBQM r?2`2 i?2 b?Q+F xt BM URkV Bb iF2M 7`QK i?2 +imH /iX
L2ti- r2 mb2 i?2b2 bBKmHiBQMb iQ b?Qr i?i i?2 +QKTmiiBQM Q7 BKTmHb2 `2bTQMb2b mbBM;
J `2;`2bbBQMb Hrvb vB2H/b i?2 bK2 2biBKi2b `2;`/H2bb Q7 i?2 T2`bBbi2M+2 BM xt- i?i Bb-
RˆMA(h) → R∗(h) 7Q` Mv pHm2 Q7 γX
6B`bi- MQi2 i?i- bBM+2 ρ < 1- bvbi2K URkV +M #2 BMp2`i2/ M/ `2@r`Bii2M b,
yt = (1− ρL)−1 (B0 +B1L) xt + (1− ρL)−1 ut, UR9V
r?2`2 L `2T`2b2Mib i?2 H; QT2`iQ`X
:Bp2M i?2 BM/2T2M/2M+2 Q7 ut M/ xt- i?2 `2T`2b2MiiBQM 7`QK 2[miBQM UR9V bm;;2bib i?i
i?2 /vMKB+ `2bTQMb2b Q7 yt 7`QK xt +M #2 Q#iBM2/ 7`QK i?2 +Q2{+B2Mib ϑh BM i?2 7QHHQrBM;
`2;`2bbBQM,
yt = ϑ0xt + ϑ1xt−1 + ϑ2xt−2 + ϑ3xt−3 + . . .+ ϑHxt−H + ξt, UR8V
r?2`2 H Bb i?2 `2bTQMb2 ?Q`BxQMXk9
6B;m`2 k, aBKmHi2/ `2bTQMb2b mbBM; J `2;`2bbBQMb








h?Bb };m`2 b?Qrb i?2 `2bTQMb2 Q7  bBKmHi2/ Qmi+QK2 p`B#H2 iQ  b?Q+F rBi? /Bz2`2Mi /2;`22b Q7 T2`bBbi2M+2-
mbBM; J `2;`2bbBQMbX h?2 /`F #Hm2 HBM2 b?Qrb i?2 `2bmHib Q7 2biBKiBM; 2[miBQM UR8V bbmKBM; γ = 0 BM
2[miBQM URkVX h?2 /b?2/ ;`2v HBM2 b?Qrb i?2 bK2 2biBKiBQM r?2M γ = 0.2X h?2 `2/ HBM2 b?Qrb i?2
`2bTQMb2 r?2M bm#biBimiBM; xt BM 2[miBQM UR8V #v εˆt- M PGa 2biBKi2 Q7 εt Ub22 2[miBQM U3VV- r?2`2 b2`BH
+Q``2HiBQM ?b #22M `2KQp2/X
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q2 2biBKi2 2[miBQM UR8V 7Q i?`22 /Bz2`2Mi +b2b, UBV bbmKBM; i?i γ = 0 BM i?2 /i
;2M2`iBM; T`Q+2bb /2b+`B#2/ BM bvbi2K URkV- UBBV bbmKBM; i?i γ = 0.2 M/ UBBBV bm#biBimiBM;
xt #v εˆt BM 2[miBQM UR8V UBX2X 7QHHQrBM; 2[miBQM URRVVX
h?2 `2bmHib `2 b?QrM BM 6B;m`2 kX *b2b UBV M/ UBBV `2 /BbTHv2/ BM #Hm2 M/ /b?2/ ;`2v
HBM2b- `2bT2+iBp2HvX b `;m2/ 2`HB2`- bBM+2 2[miBQM UR8V +QMi`QHb 7Q` HH TQi2MiBH /vMKB+
2z2+ib Q7 xt- BM+Hm/BM; Bib T2`bBbi2M+2- i?2 +Q2{+B2Mib ϑh `2~2+i i?2 `2bTQMb2b iQ  b?Q+F b
B7 i?2 p`B#H2 xt b?Qr2/ MQ T2`bBbi2M+2- `2;`/H2bb Q7 i?2 pHm2 Q7 γX >2M+2- r2 ?p2 i?i
Rˆ(h)MA → R(h)∗ 7Q` Mv γX LQi2 i?i i?2b2 BKTmHb2 `2bTQMb2 7mM+iBQMb `2 i?2 bK2 b
i?Qb2 Q#iBM2/ rBi? GSb URˆ(h)LP V r?2M γ = 0- Q` r?2M r2 BM+Hm/2 H2/b BM i?2 GSb URˆ(h)F VX
*b2 UBBBV Bb b?QrM BM i?2 `2/ HBM2 BM 6B;m`2 kX b `;m2/ BM i?2 T`2pBQmb bm#b2+iBQM-
r?2M +QKTmiBM; i?2 BKTmHb2 `2bTQMb2 rBi? `2bT2+i iQ εt- r2 `2 HHQrBM; i?2 J `2;`2bbBQMb
iQ TB+F mT i?2 2z2+i i?i Bb /m2 iQ i?2 T2`bBbi2M+2 BM xtX AM Qi?2` rQ`/b- bBM+2 r2 /Q MQi
BKTHB+BiHv +QMi`QH 7Q` i?2 H2/b Q7 xt #mi 7Q` i?Qb2 Q7 εt BM i?2 J `2T`2b2MiiBQM- r2 `2
MQi iFBM; BMiQ ++QmMi i?2 T2`bBbi2M+2 Q7 xtX AM i?Bb +b2- i?2 `2bTQMb2b `2 2[mH iQ i?Qb2
Q#iBM2/ 7`QK GSb r?2M γ = 0, Rˆ(h)MA−per = Rˆ(h)LP → R(h)X
jX9 GQ+H T`QD2+iBQMb rBi? BMbi`mK2MiH p`B#H2b
_2+2MiHv- i?2`2 ?b #22M M BM+`2b2/ ii2MiBQM iQ i?2 mb2 Q7 2ti2`MH bQm`+2b Q7 p`BiBQM b
BMbi`mK2Mib BM GSb Q` o_bXk8 AM i?Bb b2+iBQM- r2 BMp2biB;i2 ?Qr T2`bBbi2M+2 Kv z2+i i?2
2biBKiBQM Q7 /vMKB+ 2z2+ib r?2M mbBM; BMbi`mK2MiH p`B#H2b BM HQ+H T`QD2+iBQMb UGS@AoVX
aiQ+F M/ qibQM UkyR3V T`QpB/2 i?2 +QM/BiBQMb mM/2` r?B+?  `2b2`+?2` +M 2tTHQBi
2ti2`MH p`BiBQM iQ 2biBKi2 BKTmHb2 `2bTQMb2 7mM+iBQMbX  pHB/ BMbi`mK2Mi zt b?QmH/ #2
#Qi? `2H2pMi M/ +QMi2KTQ`M2QmbHv 2tQ;2MQmb- i?i Bb- zt b?QmH/ MQi #2 +Q``2Hi2/ iQ Mv
b?Q+F BM i?2 bvbi2K 2t+2Ti rBi? i?2 QM2 i?i i?2 `2b2`+?2` Bb BMi2`2bi2/ BMX GbiHv- aiQ+F
M/ qibQM UkyR3V BKTQb2  `2bi`B+iBQM +HH2/ H2/fH; 2tQ;2M2Biv- r?B+? BKTHB2b i?i i?2
BMbi`mK2Mi b?QmH/ MQi #2 +Q``2Hi2/ rBi? Mv H2/ Q` H; Q7 Mv Q7 i?2 b?Q+Fb BM i?2 bvbi2KX
*QMbB/2` i?2 7QHHQrBM; /i ;2M2`iBM; T`Q+2bb,
yt = βgt + ut
ut = mt + at
gt = λxt + (1− λ)mt UReV
zt = xt + νt
xt = γxt−1 + εt,
r?2`2 at- νt M/ εt 7QHHQr BM/2T2M/2Mi N (0, 1) /Bbi`B#miBQMbX  `2b2`+?2` Kv #2 BMi2`@
2bi2/ BM 2biBKiBM; i?2 /vMKB+ 2z2+ib Q7 p`B#H2 gt QM yt U2X;X i?2 2z2+ib Q7 ;Qp2`MK2Mi
k8a22 J2`i2Mb M/ _pM UkyRjV 7Q`  BKTH2K2MiiBQM Q7 i?Bb K2i?Q/ rBi?BM  o_ UFMQrM b S`Qtv@ao_V
Q` _K2v M/ wm#B`v UkyR3V 7Q` M 2tKTH2 BM  +QMi2ti Q7 GSX _2Hi2/ iQ i?Bb- _K2v UkyReV /Bb+mbb2b
i?2 /BbiBM+iBQM #2ir22M b?Q+F- BMMQpiBQM- M/ BMbi`mK2MiX
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bT2M/BM; QM QmiTmiVX >Qr2p2`- gt Bb 2M/Q;2MQmb /m2 iQ i?2 T`2b2M+2 Q7 M QKBii2/ p`B#H2
mtX h?2 `2b2`+?2` Kv ?p2 i?2 pBH#BHBiv Q7 M BMbi`mK2Mi zt- r?B+? Bb +QMi2KTQ`M2@
QmbHv 2tQ;2MQmb #v +QMbi`m+iBQM M/ `2H2pMi r?2M λ = 0X h?Bb BMbi`mK2Mi- bBM+2 Bi /2T2M/b
/B`2+iHv QM i?2 b?Q+F xt- /BbTHvb T2`bBbi2M+2 r?2M γ = 0X q?2M i?2`2 Bb T2`bBbi2M+2 BM
i?2 BMbi`mK2Mi UM/ i?2 b?Q+FV- i?2 H2/fH; 2tQ;2M2Biv +QM/BiBQM K2MiBQM2/ #Qp2 Bb MQi
biBb}2/X hQ BHHmbi`i2 i?Bb TQBMi- r2 bBKmHi2 bvbi2K UReV b2iiBM; β = 2 UM/ /Bz2`2Mi pHm2b
Q7 λ M/ γV 7Q` Ryy KBHHBQM T2`BQ/b- M/ 2biBKi2 i?2 /vMKB+ 2z2+ib Q7 gt QM yt mbBM; GSX
6B;m`2 j, GSb rBi? BMbi`mK2MiH p`B#H2b
SM2H V γ = 0 SM2H "V γ = 0.2






















IV with leads, =0.2
h?Bb };m`2 b?Qrb i?2 `2bTQMb2 Q7  bBKmHi2/ Qmi+QK2 p`B#H2 iQ  b?Q+F mbBM; HQ+H T`QD2+iBQMb rBi?
BMbi`mK2Mib- rBi? M mM/2`HvBM; .:S ;Bp2M #v bvbi2K UReV M/ +HB#`i2/ 7Q` /Bz2`2Mi /2;`22b Q7 T2`bBbi2M+2
BM i?2 b?Q+F Uγ = 0 BM TM2H  M/ γ = 0.2 BM SM2H "VX AM #Qi? TM2Hb- `2/ HBM2b `272`b iQ 2biBKiBQM mbBM;
GSb 2biBKi2/ mbBM; PGa M/ ;`22M /b?2/ HBM2b `272` iQ GSb 2biBKi2/ mbBM; BMbi`mK2MiH p`B#H2b- r?2M
i?2 .:S ;2M2`i2b 2M/Q;2M2BivX 6Q` `272`2M+2- i?2 #Hm2 bQHB/ HBM2b UBM #Qi? TM2HbV /BbTHv `2bTQMb2b r?2M
i?2 .:S /Q2b MQi ;2M2`i2 T2`bBbi2M+2 Q` 2M/Q;2M2BivX AM SM2H "- i?2 ;`2v TQBMi2/ HBM2 /BbTHvb `2bTQMb2b
2biBKi2/ mbBM; BMbi`mK2MiH p`B#H2b BM GSb M/ BM+Hm/BM; H2/b Q7 i?2 b?Q+FX
q2 }`bi +QMbB/2` i?2 +b2 Q7 γ = 0 M/ λ = 1- i?i Bb- i?2`2 Bb MQ T`Q#H2K Q7 2M/Q;2M2Biv
Q` T2`bBbi2M+2X h?2 2biBKi2/ 2z2+i Q7 gt QM yt `2+Qp2`2/ #v GSb Bb `2T`2b2Mi2/ #v  bQHB/
#Hm2 HBM2 BM SM2H  Q7 6B;m`2 jX b 2tT2+i2/- i?2 +QMi2KTQ`M2Qmb BKT+i Q7 ;Qp2`MK2Mi
bT2M/BM; QM QmiTmi Bb 2[mH iQ kX q?2M +QMbB/2`BM; λ = 0.5 U#mi biBHH MQ T2`bBbi2M+2- BX2X
γ = 0V- GSb i?i 2KTHQv PGa rBHH /2HBp2` #Bb2/ 2biBKi2b Q7 i?2 +QMi2KTQ`M2Qmb 2z2+i Q7
gt UbQHB/ `2/ HBM2VX h?2 /Bz2`2M+2 #2ir22M i?2 `2/ M/ i?2 #Hm2 HBM2b BM i?2 }`bi T2`BQ/ Bb 
K2bm`2 Q7 i?2 2M/Q;2M2Biv #BbX h?2 T`Q#H2K Q7 2M/Q;2M2Biv +M #2 //`2bb2/ #v mbBM; zt
b M BMbi`mK2Mi 7Q` gt iQ `2+Qp2` i?2 2tQ;2MQmb p`BiBQM BM ;Qp2`MK2Mi bT2M/BM; U;Bp2M #v
xtVX h?Bb `2bmHi UbiBHH +QMbB/2`BM; γ = 0V Bb `2T`2b2Mi2/ #v i?2 /b?2/ ;`2v HBM2 BM SM2H 
Q7 6B;m`2 j- r?B+? b?Qrb ?Qr i?2 mb2 Q7 GS@Ao +M Qp2`+QK2 i?2 T`2b2M+2 Q7 2M/Q;2M2Biv-
/2HBp2`BM;  `2bTQMb2 7mM+iBQM B/2MiB+H iQ i?2 #2M+?K`F +b2 rBi?Qmi QKBii2/ p`B#H2b
#BbX
L2ti- r2 `2T2i i?2 T`2pBQmb 2t2`+Bb2 #mi MQr r2 HHQr 7Q` T2`bBbi2M+2 BM i?2 BMbi`mK2Mi
U/m2 iQ T2`bBbi2M+2 Q7 i?2 b?Q+FVc BM T`iB+mH`- r2 b2i γ = 0.2X h?2 `2bmHib `2 b?QrM BM
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SM2H " Q7 6B;m`2 j Ur2 biBHH `2T`2b2Mi- BM bQHB/ #Hm2 HBM2- i?2 #2M+?K`F +b2 Q7 γ = λ = 1 7Q`
`272`2M+2VX q?2M i?2`2 Bb 2M/Q;2M2Biv M/ T2`bBbi2M+2- GSb 2biBKi2b Q7 i?2 /vMKB+ 2z2+ib
Q7 gt `2 z2+i2/ #v #Qi? M 2M/Q;2M2Biv #Bb QM BKT+i- M/ #v i?2 2z2+i Q7 T2`bBbi2M+2 BM i?2
BMbi`mK2Mi /m`BM; i?2 `2bi Q7 i?2 `2bTQMb2 ?Q`BxQM Ub b?QrM BM i?2 T`2pBQmb b2+iBQMVX h?Bb
`2bmHi Bb /BbTHv2/ #v i?2 bQHB/ `2/ HBM2 BM SM2H " Q7 6B;m`2 j- r?B+? Bb /Bz2`2Mi 7`QK x2`Q 7i2`
BKT+iX LQr +QMbB/2` 2biBKiBM; i?2 /vMKB+ 2z2+ib mbBM; GS@Ao rBi? BMbi`mK2Mi zt Ui?i
/BbTHvb T2`bBbi2M+2VX h?2 `2bmHib U/b?2/ ;`22M HBM2V b?Qr i?i i?2 mb2 Q7 i?2 BMbi`mK2Mi
//`2bb2b i?2 T`Q#H2K Q7 2M/Q;2M2Biv UQM BKT+i- i?2 2z2+i 7`QK i?2 GS@Ao 2biBKi2b Bb #H2
iQ `2+Qp2` i?2 i`m2 2z2+i Q7 β = 2VX >Qr2p2`- i?2 /vMKB+ 2z2+i 7`QK i?2 `2bi Q7 i?2 `2bTQMb2
?Q`BxQM biBHH `2~2+ib i?2 T`2b2M+2 Q7 T2`bBbi2M+2X
b /Bb+mbb2/ #Qp2- T2`bBbi2M+2 BM i?2 BMbi`mK2Mi pBQHi2b i?2 H2/fH; 2tQ;2M2Biv +QM/B@
iBQMX aiQ+F M/ qibQM UkyR3V bii2 i?i- BM ;2M2`H- i?Bb +QM/BiBQM +QmH/ #2 biBb}2/ #v i?2
BM+HmbBQM Q7 7m`i?2` +QMi`QHb BM i?2 GS@Ao `2;`2bbBQMX A7 i?2 bQm`+2 Q7 T2`bBbi2M+2 Bb bi`B+iHv
`2bi`B+i2/ iQ i?2 BMbi`mK2Mi- aiQ+F M/ qibQM UkyR3V b?Qr i?i i?2 H2/fH; 2tQ;2M2Biv
+QM/BiBQM +QmH/ #2 `22bi#HBb?2/ #v BM+Hm/BM; H;b Q7 i?2 BMbi`mK2MiX >Qr2p2`- BM +b2b HBF2
bvbi2K UReV- r?2`2 i?2 BMbi`mK2Mi BM?2`Bib Bib T2`bBbi2M+2 7`QK i?2 b?Q+F- H;b Q7 i?2 BMbi`m@
K2Mi rBHH MQi biBb7v i?2 H2/@H; 2tQ;2M2Biv +QM/BiBQMX q2 #mBH/ QM BMimBiBQM HB/ Qmi #v
aiQ+F M/ qibQM UkyR3V M/ /Ti Bi iQ i?2 T`Q#H2K Q7 T2`bBbi2M+2 #v BM+Hm/BM; H2/b Q7
i?2 BMbi`mK2Mi BM i?2 b2i Q7 2tQ;2MQmb p`B#H2b BM i?2 GS@Ao 2biBKi2bX h?2 `2bmHib- b?QrM
BM /b?2/ ;`2v HBM2b BM SM2H " Q7 6B;m`2 j- +Q``Q#Q`i2 i?Bb BMimBiBQM, /2bTBi2 i?2 T`2b2M+2
Q7 #Qi? 2M/Q;2M2Biv M/ T2`bBbi2M+2- 2M?M+BM; i?2 GS@Ao 2biBKi2b rBi? H2/b Q7 i?2 b?Q+F
HHQrb iQ `2+Qp2` i?2 /vMKB+ 2z2+ib b B7 i?2 BMbi`mK2Mi r2`2 MQi b2`BHHv +Q``2Hi2/X
AM bmK- i?2 T`2b2M+2 Q7 T2`bBbi2M+2 +M TQi2MiBHHv pBQHi2 i?2 H2/@H; 2tQ;2MB2iv b@
bmKTiBQM- BMpHB/iBM; BM72`2M+2 mM/2` GS@AoX h?2 bQHmiBQM iQ `22bi#HBb? i?Bb +QM/BiBQM rBHH
/2T2M/ QM i?2 bQm`+2 Q7 T2`bBbi2M+2 BM i?2 KQ/2HX q?2M i?2 BMbi`mK2Mi BM?2`Bib Bib T2`Bbi2M+2
7`QK i?2 b?Q+F- Qm` T`QTQb2/ bQHmiBQM #mBH/b QM i?2 ;2M2`H BMimBiBQM 7`QK aiQ+F M/ qibQM
UkyR3V- b?QrBM; i?i i?2 BM+HmbBQM Q7 H2/b Q7 i?2 BMbi`mK2Mi +M /2HBp2` pHB/ BM72`2M+2 mM/2`
GS@AoX
jX8 .Bb+mbbBQM
AM i?2 T`2b2M+2 Q7 T2`bBbi2M+2-  `2b2`+?2` ?b iQ /2i2`KBM2 }`bi r?i Q#D2+i b?2 rMib iQ
B/2MiB7v M/- b2+QM/- r?i 2biBKiBQM K2i?Q/ iQ mb2X h#H2 k bmKK`Bx2b i?2 /DmbiK2Mib
`2[mB`2/ BM GSb M/ J `2;`2bbBQMb /2T2M/BM; QM i?2 +?QB+2 Q7 B/2MiB}+iBQM M/ 2biBKiBQMX
_2;`/BM; i?2 /2+BbBQM QM i?2 2biBKiBQM K2i?Q/- J `2;`2bbBQMb M/ GSb ?p2 /Bz2`2Mi
bi`2M;i?bX GSb BKTQb2 72r2` `2bi`B+iBQMb M/ /Q MQi `2Hv QM  /BK2MbBQM@`2/m+iBQM TT`Q+?X
>Qr2p2`- i?2 7+i i?i GSb BKTQb2 72r2` `2bi`B+iBQMb i`MbHi2b BMiQ H2bb T`2+Bb2 `2bTQMb2bX
PM i?2 +QMi``v- i?2 J `2T`2b2MiiBQM Q7i2M BKTQb2b bi`QM; bbmKTiBQMb QM i?2 HBM2`Biv Q7
i?2 mM/2`HvBM; /i ;2M2`iBM; T`Q+2bb Ui?2 KQbi ivTB+H +b2 Bb i?2 2biBKiBQM Q7 biM/`/
o_bVX q?2M i?Bb `2bi`B+iBQM QM i?2 7mM+iBQMH 7Q`K Bb i`m2- i?2M i?2 /vMKB+ `2bTQMb2
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keh?Bb rQmH/ #2 HbQ i?2 +b2 r?2M +QKT`BM; i?2 bK2 b?Q+F- B/2MiB}2/ rBi? i?2 bK2 K2i?Q/b- mbBM; /i
7`QK /Bz2`2Mi +QmMi`B2bX aBM+2 i?2 /i ;2M2`iBM; T`Q+2bb Q7 i?2 b?Q+F BM 2+? +QmMi`v Kv #2 /Bz2`2Mi- i?2
biM/`/BxiBQM T`QpB/2/ #v R(h)∗ b?QmH/ #2+QK2 T`iB+mH`Hv mb27mH iQ 2bi#HBb? +`Qbb@+QmMi`v +QKT`BbQMbX
h#H2 k, /TiBM; GSb M/ J `2;`2bbBQMb r?2M b?Q+Fb `2 T2`bBbi2Mi
P#D2+i Q7 BMi2`2bi f J2i?Q/ GSb J `2;`2bbBQMb
_2bTQMb2 b B7 MQ T2`bBbi2M+2 UR(h)∗V BM+Hm/2 H2/b MQ +iBQM M22/2/
_2bTQMb2 rBi? T2`bBbi2M+2 UR(h)V MQ +iBQM M22/2/ `2TH+2 xt rBi? εt
+QKTmi2/ 7`QK i?2 o_ i?`Qm;? i?2 J `2T`2b2MiiBQM `2bmHib QM KQ`2 2{+B2Mi M/ T`2+Bb2
2biBKiBQMbX >Qr2p2`- bKHH KBbiF2b BM i?2 7mM+iBQMH 7Q`K r?2M bT2+B7vBM;  o_ rBHH #2
+QKTQmM/2/ i?`Qm;?Qmi i?2 `2bTQMb2 ?Q`BxQM- /m2 iQ Bib Bi2`iBp2 Mim`2- +QMi``v iQ r?i
Q++m`b BM BKTmHb2@`2bTQMb2b +QKTmi2/ i?`Qm;? GSX
_2;`/BM; i?2 /2+BbBQM QM i?2 Q#D2+i i?i M22/b iQ #2 B/2MiB}2/- i?2 `2b2`+?2` ?b iQ
iF2 BMiQ ++QmMi i?i biM/`/ J M/ GSb K2i?Q/b B/2MiB7v /Bz2`2Mi /vMKB+ 2z2+ib r?2M
b?Q+Fb /BbTHv T2`bBbi2M+2 Uγ = 0V- b b?QrM BM i?2 T`2pBQmb b2+iBQMX qQmH/ i?2 `2b2`+?2`
rMi iQ B/2MiB7v i?2 `2bTQMb2 b B7 i?2 b?Q+F r2`2 mM+Q``2Hi2/ UR(h)∗V Q` i?2 `2bTQMb2 i?i
BM+Hm/2b i?2 2z2+i Q7 T2`bBbi2M+2 UR(h)V\ h?2 B/2MiB}+iBQM Q7 `2bTQMb2b b B7 i?2 b?Q+F r2`2
mM+Q``2Hi2/ UBKTH2K2Mi2/ #v GSb rBi? H2/b Q` mbBM; JV Bb T2`?Tb i?2 KQbi +QM+2TimHHv
TT2HBM; QTiBQM 7Q` bQK2 TTHB+iBQMbX
6B`bi-  b?Q+F i?i ;2M2`i2b `2bTQMb2b b R(h)∗- `2;`/H2bb Q7 i?2 T2`bBbi2M+2 Q7 i?2
T`Q+2bb- Bb FBM iQ _K2vǶb /2}MBiBQM Q7 r?i M 2KTB`B+H b?Q+F b?QmH/ #2X h?Bb Bb #2+mb2
T2`bBbi2M+2 Bb M mM/2bB`2/ 72im`2 Q7  Ur2FHv@/2}M2/V b?Q+F- M/ i?2 `2b2`+?2` Kv MQi
rMi i?Bb iQ BM~m2M+2 i?2 2biBKiBQM Q7 /vMKB+ `2bTQMb2bX
a2+QM/- r?2M i?2 `2b2`+?2` rMib iQ +QKT`2 i?2 2z2+ib Q7 /Bz2`2Mi b?Q+Fb U2X;X r?2i?2`
}b+H Q` KQM2i`v TQHB+v Bb KQ`2 2z2+iBp2 BM biBKmHiBM; QmiTmi- Q` ?Qr /Bz2`2Mi `2 QBH
M/ i2+?MQHQ;v b?Q+FbV- i?2b2 Kv ?p2 /Bz2`2Mi mM/2`HvBM; /i ;2M2`iBM; T`Q+2bb2bX 6Q`
2tKTH2- Bi Kv #2 i?2 +b2 i?i }b+H b?Q+Fb i2M/ iQ b?Qr KQ`2 T2`bBbi2M+2 Q` i?i  ;Bp2M
B/2MiB}+iBQM T`Q+2/m`2 i2M/ iQ ;2M2`i2 b?Q+Fb rBi? H2bb T2`bBbi2M+2X hQ i?2 2ti2Mi i?i
+QKTmiBM; `2bTQMb2b R(h)∗ 2z2+iBp2Hv biM/`/Bx2b i?2 /vMKB+ `2bTQMb2b Q7 b?Q+Fb rBi?
/Bz2`2Mi /i ;2M2`iBM; T`Q+2bb2b- Bi Kv #2 /2bB`#H2 iQ 2KTHQv GSb rBi? H2/b Q` J
`2;`2bbBQMbXke
>Qr2p2`- +QKTmiBM; `2bTQMb2b i?i +QMiBM i?2 2z2+i Q7 T2`bBbi2M+2 7`QK i?2 Ur2FHv@
/2}M2/V b?Q+F R(h) +QmH/ biBHH #2 BM7Q`KiBp2 BM bQK2 +QMi2tibX  `2b2`+?2` BMi2`2bi2/ BM
2biBKiBM; i?2KQbi HBF2Hv /vMKB+ `2bTQMb2 Q7  p`B#H2 iQ  b?Q+F ++Q`/BM; iQ i?2 ?BbiQ`B+H
/i- Kv #2 BMi2`2bi2/ BM BM+Hm/BM; HH i?2 /i 72im`2b Q7 bm+? b?Q+F U2X;X T2`bBbi2M+2VX
h?Bb `;mK2Mi Bb bBKBH` iQ i?2 QM2 TQb2/ #v 6Bb?2` M/ S2i2`b UkyRyV M/ _K2v M/ wm#B`v
UkyR3V iQ bmTTQ`i i?2 mb2 Q7 i?2 +mKmHiBp2 KmHiBTHB2` Ui?2 `iBQ Q7 i?2 BMi2;`H Q7 i?2 QmiTmi
`2bTQMb2 iQ i?i Q7 i?2 ;Qp2`MK2Mi bT2M/BM; `2bTQMb2V iQ 2pHmi2 i?2 2z2+iBp2M2bb Q7 }b+H
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kda22 7Q` 2tKTH2 >H+ M/ u`2/ UkyR9VX
k3_K2v M/ wm#B`v UkyR3V 2biBKi2 i`2M/ :.S b bBti? /2;`22 TQHvMQKBH 7Q` i?2 HQ;`Bi?K Q7 :.S
M/ KmHiBTHB2` #v i?2 :.S /2~iQ`X AM 7+i- Bi Bb i?2 mb2 Q7 i?2 :.S /2~iQ` M/ i`2M/ :.S b  rv
iQ b+H2 i?2 b?Q+Fb r?i b22Kb iQ BM/m+2 i?2 T2`bBbi2M+2X h?2 T2`bBbi2M+2 Bb HbQ T`2b2Mi r?2M i?2 b?Q+F Bb
b+H2/ #v T`2pBQmb@[m`i2` :.S- b BM PrvM; 2i HX UkyRjVX
kNh?Bb TQbBiBp2 miQ+Q``2HiBQM Bb bB;MB}+Mi i  +QM}/2M+2 H2p2H Q7 NyW r?2M +QMbB/2`BM; biM/`/ 2``Q`b
i?i `2 `Q#mbi iQ i?2 T`2b2M+2 Q7 ?2i2`QbF2/biB+Biv M/ T2`bBbi2M+2 UrBi? KQ`2 i?M QM2 H;V 7Q` i?2 r?QH2
bKTH2X 6Q` i?2 bm#bKTH2 bi`iBM; 7i2` qqAA- i?2 miQ+Q``2HiBQM Bb bB;MB}+Mi i Mv H2p2HX
TQHB+B2bX A7 r2 +QMbB/2` i?2 2z2+ib Q7  KQM2i`v TQHB+v Ur2FHv@/2}M2/V b?Q+F i?i +mib
i?2 TQHB+v `i2 #v R T2`+2Mi;2 TQBMi- Bi Bb BKTQ`iMi iQ MQi2 i?i B7 i?i b?Q+F /BbTHvb
T2`bBbi2M+2- i?2M i?2 iQiH KQM2i`v TQHB+v +iBQM Ui?2 2pQHmiBQM Q7 i?2 MQKBMH BMi2`2bi
7QHHQrBM; i?2 BMBiBH iB;?i2MBM;V Kv #2 /Bz2`2Mi iQ r?i rQmH/ Q++m` B7 i?2 b?Q+F r2`2 BB/X
//BiBQMHHv- bQK2 `2b2`+?2`b Kv MQi ;`22 iQ i?2 #Qp2 /2}MBiBQM Q7 b?Q+FbX h?i Bb-
i?2v Kv /2}M2 b?Q+Fb b BMMQpiBQMb i?i TQi2MiBHHv +M +QMiBM T2`bBbi2M+2Xkd AM bm+?
TTHB+iBQMb-  `2b2`+?2` Kv +QMbB/2` i?2 `2bTQMb2b mM/2` biM/`/ GSb Q` mbBM; KQ/B}2/
J `2;`2bbBQMb- b b?QrM BM i?2 Hbi `Qr Q7 h#H2 kX
hQ bmK mT- r2 `;m2 i?i i?2 `2b2`+?2` Kv M22/ iQ iF2 /2+BbBQM QM #Qi? i?2 B/2MiB}@
+iBQM M/ i?2 2biBKiBQM Q7 BKTmHb2@`2bTQMb2b r?2M b?Q+Fb T`2b2Mi T2`bBbi2M+2X h?2 Hii2`
Bb /2i2`KBM2/ #v  #Bb@2{+B2M+v i`/2@Qz- r?BH2 i?2 7Q`K2` `2[mB`2b iQ +QMbB/2` r?i Bb i?2
2z2+i i?i i?2 `2b2`+?2` Bb mHiBKi2Hv BMi2`2bi2/ BMX AM i?2 M2ti b2+iBQM- r2 `2pBbBi bQK2
T`QKBM2Mi 2KTB`B+H TTHB+iBQMb r?2`2 i?2 b?Q+Fb `2 T2`bBbi2Mi M/ b?Qr i?i ++QmMiBM;
7Q` Bib T2`bBbi2M+2 QM i?2 BKTmHb2 `2bTQMb2b Kv ?p2  bBx#H2 BKT+iX
9 TTHB+iBQMb
AM i?Bb b2+iBQM- r2 `2pBbBi bQK2 2KTB`B+H TT2`b i?i ?p2 mb2/ T2`bBbi2Mi b?Q+Fb- M/ b?Qr
?Qr ++QmMiBM; 7Q` i?i T2`bBbi2M+2 z2+ib i?2 2biBKi2/ BKTmHb2 `2bTQMb2bX
9XR :Qp2`MK2Mi bT2M/BM; b?Q+Fb U_K2v M/ wm#B`v UkyR3VV
_K2v M/ wm#B`v UkyR3V- #mBH/BM; QM T`2pBQmb rQ`F #v _K2v UkyRRV M/ PrvM; 2i HX
UkyRjV- T`Q/m+2  b2`B2b Q7 MMQmM+2b #Qmi 7mim`2 /272Mb2 bT2M/BM; #2ir22M R3Ny[R@kyR9[R-
b+H2/ #v T`2pBQmb [m`i2` i`2M/ `2H :.SXk3 h?Bb b2`B2b- THQii2/ BM TM2H . Q7 6B;m`2 .k-
?b  TQbBiBp2 miQ+Q``2HiBQM Q7 18.4% U9dXyW BM i?2 bm#bKTH2 7i2` qqAAVXkN
_K2v M/ wm#B`v UkyR3V mb2 GSb iQ 2biBKi2 i?2 `2bTQMb2 Q7 QmiTmi M/ ;Qp2`MK2Mi
bT2M/BM; iQ  b?Q+F BM 7mim`2 /272Mb2 bT2M/BM;X q2 7QHHQr i?2B` bK2 TT`Q+? M/ bKTH2


















γf,hshockt+f + εt, URdV
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jyq2 BM+Hm/2 H;b Q7 i?2 b?Q+Fb b BM i?2 Q`B;BMH TT2` #v _K2v M/ wm#B`v UkyR3VX LQi2 i?i- b
2tTHBM2/ #Qp2- i?2b2 H;b /Q MQi ++QmMi 7Q` i?2 T2`bBbi2M+2 Q7 i?2 b?Q+F- M/ ?2M+2 i?2B` BM+HmbBQM /Q2b
MQi ?p2  MQiB+2#H2 BKT+i QM i?2 `2bmHibX
jR6B;m`2 .j HbQ `2THB+i2b i?2 Q`B;BMH N8W +QM}/2M+2 BMi2`pHb +QKTmi2/ mbBM; i?2 L2r2v@q2bi +Q``2+iBQMX
jkq2 /`QT i?2 Hbi h Q#b2`piBQMb Q7 i?2 bKTH2- bQ i?i i?2 bT2+B}+iBQMb rBi? M/ rBi?Qmi H2/b +M #2
7mHHv +QKT`#H2X h?Bb /Q2b MQi ?p2 Mv /Bb+2`MB#H2 2z2+i r?2M `2THB+iBM; i?2 Q`B;BMH `2bmHib 7`QK _K2v
M/ wm#B`v UkyR3VX
jj_K2v M/ wm#B`v UkyR3V b?Qrb i?i i?2 +mKmHiBp2 KmHiBTHB2` +M #2 Q#iBM2/ BM QM2 bi2T vB2H/BM;
B/2MiB+H `2bmHib iQ i?Qb2 Q#iBM2/ +QK#BMBM; 2[miBQMb URdV M/ UR3VX
r?2`2 zt BM+Hm/2b P H;b Q7 yt- gt M/ shocktX LQi2 i?i- 7QHHQrBM; Qm` K2i?Q/ /2b+`B#2/
BM i?2 T`2pBQmb b2+iBQM- r2 BM+Hm/2 h H2/b Q7 i?2 p`B#H2 shocktXjy AM T`iB+mH`- 7Q` 2+?
?Q`BxQM h r2 BM+Hm/2 h H2/bX
hQ `2THB+i2 _K2v M/ wm#B`v UkyR3VǶb 2biBKi2b- r2 b2i γf,h = 0- ∀ f, hX h?2 #H+F-
bQHB/ HBM2 BM 6B;m`2 9 `2T`2b2Mib i?2 2biBKi2/ `2bTQMb2b Q7 QmiTmi UH27i TM2HV M/ ;Qp2`MK2Mi
bT2M/BM; U`B;?i TM2HV iQ i?2 b?Q+FXjR h?2 `2bmHib +HQb2Hv `2b2K#H2 i?Qb2 BM _K2v M/
wm#B`v UkyR3V U6B;m`2 8 Q7 i?2B` TT2`VXjk
L2ti- r2 HHQr γf,h = 0X AM i?2 `2/ HBM2b BM 6B;m`2 9- r2 Q#b2`p2 i?i i?2 `2bTQMb2b
+?M;2 +QMbB/2`#Hv r?2M i?2 H2/b `2 BM+Hm/2/X 6Q` 2tKTH2- 7i2` irQ v2`b- QmiTmi M/
;Qp2`MK2Mi bT2M/BM; `2 9yW HQr2` i?M BM _K2v M/ wm#B`v UkyR3VǶb 2biBKi2bX
AM+Hm/BM; Q` MQi H2/b HbQ ?b BKTHB+iBQMb 7Q` BM72`2M+2X h?2 N8W +QM}/2M+2 BMi2`pHb
r?2M H2/b `2 BM+Hm/2/ Ub?QrM BM /b?2/ HBM2b BM 6B;m`2 9V `2 bm#biMiBHHv M``Qr2` i?M
r?2M i?2v `2 MQi U;`2v `2b BM 6B;m`2 .jVX h?2 Hii2` `2 `QmM/ 8yW #`Q/2` 7i2` irQ
v2`b- M/ KQ`2 i?M irB+2 b #B; 7i2` i?`22 v2`bX
h?2 /vMKB+ `2bTQMb2b Q7 QmiTmi M/ ;Qp2`MK2Mi bT2M/BM; `2 BM7Q`KiBp2 #Qmi i?2
2tT2+i2/ Ti? Q7 i?2b2 p`B#H2b 7i2`  b?Q+FX hQ Q#iBM  K2bm`2 Q7 i?2 2{+B2M+v Q7 }b+H
TQHB+v UBX2X i?2 BM+`2b2 Q7 QmiTmi T2` 2+? /QHH` BM+`2b2 BM ;Qp2`MK2Mi bT2M/BM;V- _K2v










q2 }M/ i?i i?Bb biiBbiB+ Bb MQi bm#biMiBHHv z2+i2/ #v T2`bBbi2M+2 Q7 i?2 b?Q+F U6B;@
m`2 .9VX :Bp2M i?i #Qi? QmiTmi M/ ;Qp2`MK2Mi bT2M/BM; `2+i bBKBH`Hv r?2M BM+Hm/BM;
H2/b Q7 i?2 b?Q+F- iFBM; i?2 `iBQ Q7 i?2 irQ p`B#H2b ii2Mmi2b i?2 /Bz2`2M+2b #2ir22M
#Qi? bT2+B}+iBQMbXj9
LQM@HBM2` 2z2+ibX q2 MQr BMp2biB;i2 r?2i?2` i?2 2z2+i Q7 T2`bBbi2M+2 BM i?2 b?Q+F
+M z2+i i?2 `2bTQMb2b BM  MQM@HBM2` b2iiBM;- BX2X B7 ;Qp2`MK2Mi bT2M/BM; KmHiBTHB2`b `2
j9>Qr2p2`- /2bTBi2 i?2 2z2+ib Q7  b2`BHHv@+Q``2Hi2/ M/ b2`BHHv@mM+Q``2Hi2/ b?Q+F `2 bBKBH` BM i2`Kb Q7
2{+B2M+v UKmHiBTHB2`bV- i?2 7+i i?i i?2 2tT2+i2/ `2bTQMb2b `2 [mMiBiiBp2Hv /Bz2`2Mi Bb p2`v `2H2pMi 7`QK
 TQHB+v @KF2` TQBMi Q7 pB2rX hQ b22 i?Bb TQBMi Ur?B+? ;Q2b #2vQM/ +QMbB/2`iBQMb #Qmi MQ`KHBxiBQMb Q7
b?Q+FbV- MQi2 i?i i?2 i?2 bK2 b?Q+F +QmH/ ;2M2`i2 `2bTQMb2b Q7 QmiTmi M/ ;Qp2`MK2Mi bT2M/BM; i?i /Bz2`
BM M M Q`/2` Q7 K;MBim/2 r?2M ++QmMiBM; 7Q` i?2 T2`bBbi2M+2- #mi biBHH vB2H/ 2t+iHv i?2 bK2 KmHiBTHB2`X
>Qr2p2`-  ?B;?2` `2bTQMb2 Q7 ;Qp2`MK2Mi bT2M/BM; Bb HBF2Hv iQ #2 `2H2pMi 7`QK  TQHB+v biM/TQBMi- b Bi
+M z2+i Qi?2` BKTQ`iMi p`B#H2b bm+? b Tm#HB+ /2#i Q` it2bX
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j8a22 _K2v UkyRNV 7Q`  `2+2Mi bmKK`v Q7 i?Bb /2#i2X 6Q` 2tKTH2- M BM~m2MiBH bim/v #v m2`#+?
M/ :Q`Q/MB+?2MFQ UkyRkV }M/b i?i ;Qp2`MK2Mi bT2M/BM; KmHiBTHB2`b `2 ?B;?2` /m`BM; `2+2bbBQMb mbBM; 
MQM@HBM2` o_X HHQx UkyR3V ?B;?HB;?ib i?2 `QH2 Q7 i?2 BM7Q`KiBQM mb2/ iQ /2}M2  T2`BQ/ Q7 `2+2bbBQM- M/
}M/b i?i QmiTmi `2bTQM/b M2;iBp2Hv iQ ;Qp2`MK2Mi bT2M/BM; b?Q+Fb BM  TQbi@qqAA bKTH2 mM/2` /Bz2`2Mi
B/2MiB}+iBQM M/ 2biBKiBQM TT`Q+?2bX
6B;m`2 9, PmiTmi M/ ;Qp2`MK2Mi bT2M/BM; `2bTQMb2b- rBi? M/ rBi?Qmi H2/b


























"H+F HBM2b b?Qr i?2 `2bmHib Q7 2biBKiBM; i?2 bvbi2K URdV rBi?Qmi BM+Hm/BM; Mv H2/ Ub BM _K2v M/
wm#B`v UkyR3VVX _2/ bQHB/ HBM2b `2T`2b2Mi i?2 `2bmHib Q7 2biBKiBQMb r?2M BM+Hm/BM; h H2/b Q7 i?2 _K2v
M/ wm#B`v UkyR3V M2rb p`B#H2 UrBi? N8W +QM}/2M+2 BMi2`pHbVX
/Bz2`2Mi BM 2tTMbBQMb M/ `2+2bbBQMbXj8 6Q` i?Bb- r2 7QHHQr _K2v M/ wm#B`v UkyR3V M/























r?2`2 xt Bb 2Bi?2` QmiTmi Q` ;Qp2`MK2Mi bT2M/BM; M/ St Bb  #BM`v p`B#H2 BM/B+iBM; i?2
bii2 Q7 i?2 2+QMQKvX q?2M St = 1- i?2 2+QMQKv Bb #QQKBM; M/- r?2M St = 0- i?2 2+QMQKv
Bb BM `2+2bbBQM- r?B+? Bb /2}M2/ b r?2M i?2 mM2KTHQvK2Mi `i2 Bb #Qp2 i?2 i?`2b?QH/ Q7
eX8X AM i?Bb b2iiBM; HH i?2 p`B#H2b UBM+Hm/BM; i?2 +QMbiMiV- `2 HHQr2/ iQ ?p2 /Bz2`2MiBH
2z2+ib /m`BM; 2tTMbBQMb M/ `2+2bbBQMbX
q2 }`bi `2THB+i2 i?2 MQM@HBM2` `2bTQMb2b Q7 QmiTmi M/ ;Qp2`MK2Mi bT2M/BM; /m`BM;
#QQKb M/ `2+2bbBQMb Q#iBM2/ #v _K2v M/ wm#B`v UkyR3VX >2M+2- r2 2biBKi2 2[m@
iBQM URNV b2iiBM; δA,f,h = δB,f,h = 0 ∀f, hX Pm` `2bmHib- b?QrM BM 6B;m`2 8 BM #H+F HBM2b-
`2b2K#H2 p2`v +HQb2Hv i?Qb2 7`QK i?2 mi?Q`bX L2ti- r2 `2T2i i?2 2tT2`BK2Mi ++QmMiBM;
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7Q` TQi2MiBH T2`bBbi2M+2- i?i Bb- BM+Hm/BM; H2/b Q7 i?2 b?Q+FX h?2 `2bmHib `2 b?QrM BM `2/
HBM2b BM 6B;m`2 8X q?BH2 `2HiBp2Hv bBKBH` BM i?2 +b2 Q7 2tTMbBQMb- i?2 `2bTQMb2b `2 [mM@
iBiiBp2Hv /Bz2`2Mi /m`BM; `2+2bbBQMbX h?2 2biBKi2b i?i BM+Hm/2 H2/b HB2 QmibB/2 Q7 i?2 N8W
+QM}/2M+2 #M/b /m`BM; Km+? Q7 i?2 `2bTQMb2 ?Q`BxQMX h?2 `2bmHib bm;;2bi i?i B;MQ`BM; i?2
2z2+i Q7 T2`bBbi2M+2 +QmH/ vB2H/ `2bTQMb2b /m`BM; `2+2bbBQMb i?i- 7i2` kĜj v2`b- `2 irB+2
b H`;2 b i?2 `2bTQMb2b i?i ++QmMi 7Q` i?2 2z2+i Q7 T2`bBbi2M+2X
AM 6B;m`2 e- r2 b?Qr ?Qr i?2b2 `2bTQMb2b KT BMiQ 2biBKi2b Q7 MQM@HBM2` }b+H KmH@
iBTHB2`bX AM i?2 +b2 Q7 2tTMbBQMb- i?2 `2bmHib /Q MQi +?M;2 Km+? /2T2M/BM; QM r?2i?2`
i?2 T2`bBbi2M+2 Bb ++QmMi2/ 7Q` U`2/ bQHB/ HBM2V Q` MQi U#H+F bQHB/ HBM2VX AM 2Bi?2` +b2- i?2v
`2b2K#H2 i?Qb2 BM _K2v M/ wm#B`v UkyR3V Ub22 6B;m`2 e Q7 i?2B` TT2`VX AM `2+2bbBQMb-
?Qr2p2`- i?2 `2bmHib +?M;2 bm#biMiBHHv /2T2M/BM; QM r?2i?2` i?2 T2`bBbi2M+2 Bb +QMi`QHH2/
7Q` Q` MQiX A7 Bi Bb MQi U#H+F bQHB/ HBM2V i?2 KmHiBTHB2` ?b  M2;iBp2 pHm2 mTQM BKT+i M/
bm#biMiBHHv 7HHb BM i?2 7QHHQrBM; [m`i2` iQ  pHm2 Q7 @kX Ai #2+QK2b TQbBiBp2 #27Q`2 i?2
2M/ Q7 i?2 }`bi v2`- M/ 7mHHv +QMp2`;2b iQ i?2 pHm2 Q7 i?2 KmHiBTHB2` /m`BM; 2tTMbBQMb
7i2` bBt [m`i2`bX A7 i?2 T2`bBbi2M+2 Bb MQi +QMi`QHH2/ 7Q` U`2/ /b?2/ HBM2V- i?2 KmHiBTHB2`
b?Qrb  H2bb TmxxHBM; #2?pBQ` BM i?2 b?Q`i `mMX 7i2` BKT+i- i?2 +mKmHiBp2 KmHiBTHB2` Bb @R
UBMbi2/ Q7 @kV M/ #2+QK2b TQbBiBp2 7i2` i?2 }`bi v2`X >Qr2p2`- i?2 KmHiBTHB2` /m`BM; `2@
+2bbBQMb `2KBMb HQr2` i?M i?2 KmHiBTHB2` /m`BM; 2tTMbBQM 7Q`  Km+? HQM;2` T2`BQ/X q?2M
i?2 T2`bBbi2M+2 Bb B;MQ`2/ i?Bb +QMp2`;2M+2 Bb +?B2p2/ 7i2` e [m`i2`b- b K2MiBQM2/ #Qp2X
>Qr2p2`- r?2M BM+Hm/BM; H2/b Q7 i?2 b?Q+F- i?Bb +QMp2`;2M+2 Bb MQi 7mHHv `2+?2/ /m`BM; Qm`
6B;m`2 8, _2bTQMb2b /m`BM; 2tTMbBQMb M/ `2+2bbBQMb- rBi? M/ rBi?Qmi H2/b


































"H+F HBM2b b?Qr i?2 `2bmHib 7`QK bvbi2K Q7 2[miBQMb URNV rBi?Qmi BM+Hm/BM; Mv H2/ Ub BM _K2v M/
wm#B`v UkyR3VVX :`2v `2b `2T`2b2Mi e3 M/ N8W L2r2v@q2bi +QM}/2M+2 BMi2`pHb 7Q` i?2b2 2biBKi2bX _2/
bQHB/ HBM2b `2T`2b2Mi i?2 `2bmHib Q7 2biBKiBQMb r?2M BM+Hm/BM; h H2/b Q7 i?2 _K2vǶb M2rb p`B#H2X _2/
/b?2/ HBM2b `2T`2b2Mi i?2 N8W L2r2v@q2bi +QM}/2M+2 BMi2`pHb 7Q` i?2b2 2biBKi2bX
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+QMbB/2`2/ `2bTQMb2 ?Q`BxQMX h?2b2 `2bmHib bm;;2bi i?i /m`BM; i?2 b?Q`i M/ K2/BmK@`mM
i?2 ;Qp2`MK2Mi bT2M/BM; KmHiBTHB2` +QmH/ #2 HQr2` /m`BM; `2+2bbBQMb i?M /m`BM; 2tTMbBQMb-
M/ T`i Q7 i?Bb /Bz2`2M+2 Kv #2 ii`B#mi#H2 iQ i?2 T`2b2M+2 Q7 T2`bBbi2M+2 BM i?2 b?Q+FX
PM2 Q7 i?2 KBM /pMi;2b Q7 GSb Bb i?i i?2v HHQr iQ ++QKKQ/i2 MQM@HBM2` b2i@
iBM;b- b i?Qb2 BM 2[miBQM URNVX h?Bb Bb T`iB+mH`Hv mb27mH bBM+2- +QMi``v iQ i?`2b?QH/
o_b- GSb /Q MQi BKTQb2 Mv `2bi`B+iBQM QM i?2 2pQHmiBQM Q7 bii2 St Ur?BH2 MQM@HBM2` o_b
i?i BMi2`+i i?2 b?Q+F rBi?  bii2 /mKKv /Q bbmK2 i?i St `2KBMb }t2/ /m`BM; i?2
`2bTQMb2 ?Q`BxQMVXh?2 7`K2rQ`F 2tTHBM2/ BM i?2 T`2pBQmb b2+iBQM HHQrb iQ +QMbB/2` //B@
iBQMH K+`Q2+QMQKB+ 2tT2`BK2Mib i?i +M ?2HT mM/2`biM/ ?Qr `2bi`B+iBp2 i?Bb +QM/BiBQM BbX
AM T`iB+mH`- #v BM+Hm/BM; H2/b Q7 i?2 bii2 St BM 2[miBQM URNV r2 `2 B/2MiB7vBM; i?2 +QmM@
i2`7+imH `2bTQMb2 iQ  }b+H b?Q+F r?2M i?2 mM/2`HvBM; bii2 Q7 i?2 2+QMQKv Bb MQi HHQr2/
iQ +?M;2 Ub BM i?`2b?QH/ o_bVX q2 T2`7Q`K i?Bb 2tT2`BK2Mi M/ `2TQ`i i?2 KmHiBTHB2`b
/m`BM; #QQKb BM `2+2bbBQMb BM ;`22M HBM2b BM 6B;m`2 .8X q2 Q#b2`p2 i?i r?2M i?2 bii2 Bb
MQi HHQr2/ iQ +?M;2- i?2 KmHiBTHB2` /m`BM; `2+2bbBQMb Bb bHB;?iHv ?B;?2` BM i?2 b?Q`i `mM- #mi
2bb2MiBHHv mM+?M;2/ i K2/BmK M/ HQM;2` ?Q`BxQMbX h?Bb 2t2`+Bb2 HHQrb mb iQ BHHmbi`i2
?Qr i?2 mb2 Q7 H2/b Q7 p`B#H2b BM +QMDm+iBQM rBi? GSb +M ?2HT mM/2`biM/ BMi2`2biBM;
+QmMi2`7+imH 2t2`+Bb2bX
6B;m`2 e, :Qp2`MK2Mi bT2M/BM; KmHiBTHB2` /m`BM; 2tTMbBQMb M/ `2+2bbBQMb- rBi? M/ rBi?@
Qmi H2/b

























h?2 #H+F bQHB/ M/ /b?2/ HBM2b b?Qr i?2 +mKmHiBp2 KmHiBTHB2` /m`BM; T2`BQ/b Q7 2tTMbBQM M/ `2+2bbBQM-
`2bT2+iBp2Hv- rBi?Qmi BM+Hm/BM; Mv H2/ Ub BM _K2v M/ wm#B`v UkyR3VVX h?2 `2/ bQHB/ M/ /b?2/ HBM2b
b?Qr i?2 +mKmHiBp2 KmHiBTHB2` /m`BM; T2`BQ/b Q7 2tTMbBQM M/ `2+2bbBQM- `2bT2+iBp2Hv- r?2M BM+Hm/BM; H2/b
Q7 i?2 b?Q+FX
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je /2iBH2/ /2b+`BTiBQM Q7 i?2b2 b?Q+Fb +M #2 7QmM/ BM .2p`B2b 2i HX UkyRRVX
jd_2;`2bbBQMb Q7 i?2 }b+H +QMbQHB/iBQMb K2bm`2 U2tT`2bb2/ b W Q7 :.SV QM Bib QrM H;b M/ BM+Hm/BM;
iBK2 M/ +QmMi`v }t2/ 2z2+ib `2p2H T2`bBbi2M+2 BM i?2 T`2pBQmb irQ Q` i?`22 v2`b U/2T2M/BM; QM i?2 MmK#2`
Q7 H;b BM+Hm/2/VX AMimBiBp2Hv- bQK2 /2;`22 Q7 T2`bBbi2M+2 Bb 2tT2+i2/ BM i?2b2 b2`B2b bBM+2 i?2v Q7i2M BMpQHp2/
KmHiB@v2` THMb- b MQi2/ BM H2bBM 2i HX UkyR8V M/ H2bBM 2i HX UkyRdVX
j3LQi2 i?i :mD`/Q 2i HX UkyR9V /Q MQi +QMbi`m+i `2bTQMb2b mbBM; GSb M/ ?2M+2 i?2B` +QKTmi2/ `2@
bTQMb2b /Q MQi b?Qr i?2 2z2+i Q7 T2`bBbi2M+2- b MQi2/ BM i?2 T`2pBQmb b2+iBQMX h?2`2 `2- ?Qr2p2`-  MmK#2`
Q7 bim/B2b i?i 2KTHQv i?2B` }b+H +QMbQHB/iBQMb /ib2i rBi? GSb Ub22- 7Q` 2tKTH2- "`MB+?QM M/ Jii?2b
UkyRdV Q` :QmD`/ UkyRdVVX
jN:mD`/Q 2i HX UkyR9V 7Q+mb QM i?2 /vMKB+ 2z2+ib Q7 QmiTmi M/ T`Bpi2 +QMbmKTiBQM /m`BM; e v2`b
7i2` i?2 b?Q+FX q2 HbQ +QKTmi2 `2bmHib 7Q` T`Bpi2 +QMbmKTiBQM- b?QrM BM 6B;m`2 .e BM TT2M/Bt .X b
BM i?2 Q`B;BMH TT2`- r2 HbQ }M/  bB;MB}+Mi `2/m+iBQM BM i?Bb p`B#H2 /m`BM; i?2 }`bi e v2`b 7i2` 
+QMbQHB/iBQM b?Q+FX
r?2`2 yi,t Bb  K2bm`2 Q7 2+QMQKB+ +iBpBiv U2Bi?2` T`Bpi2 +QMbmKTiBQM Q` `2H :.SVX μh,i
M/ λh,t `2T`2b2Mi +QmMi`v M/ iBK2 }t2/ 2z2+ib- `2bT2+iBp2HvX Xt Bb  p2+iQ` Q7 p`B#H2b i?i
BM+Hm/2b  H; Q7 i?2 b?Q+F- QmiTmi M/ T`Bpi2 +QMbmKTiBQM- M/  /2i2`KBMBbiB+ i`2M/X AM
Qm` b2iiBM;- `2bTQMb2b iQ i?2 }b+H b?Q+Fb `2 ;Bp2M #v i?2 2biBKi2b Q7 +Q2{+B2Mib βh,0 7Q`
/Bz2`2Mi ?Q`BxQMb hX
q2 }`bi 2biBKi2 2[miBQM UkyV #v b2iiBM; βh,f = 0 ∀h, f X h?2 `2bmHib- b?QrM BM #H+F
bQHB/ HBM2b BM 6B;m`2 d [mHBiiBp2Hv `2THB+i2 i?2 #2M+?K`F `2bmHib Q7 :mD`/Q 2i HX UkyR9V-
rBi?  }b+H +QMbQHB/iBQM b?Q+F bB;MB}+MiHv `2/m+BM; QmiTmi /m`BM; i?2 }`bi e v2`bXjN
L2ti- r2 2biBKi2 2[miBQM UkyV #mi HHQr βh,f = 0 U`2/ HBM2b BM 6B;m`2 dVX h?`22 TQBMib
`2 rQ`i? MQiBM; `2;`/BM; i?2b2 `2bmHibX 6B`bi- r?2M ++QmMiBM; 7Q` i?2 2z2+ib Q7 T2`bBbi2M+2-
i?2 TQBMi 2biBKi2b `2 bKHH2` BM #bQHmi2 pHm2X PM p2`;2- i?2 M2r `2bTQMb2b `2 j8W
HQr2` /m`BM; i?2 }`bi bBt v2`b 7i2` i?2 b?Q+FX hrQ v2`b 7i2`  }b+H +QMbQHB/iBQM- QmiTmi
Bb HKQbi eyW bKHH2` r?2M ++QmMiBM; 7Q` T2`bBbi2M+2 U@yXk pb @yX8VX
a2+QM/- r?2M BM+Hm/BM; H2/b Q7 i?2 b?Q+F- i?2 2biBKi2b `2 KQ`2 T`2+Bb2- r?B+? i`MbHi2b
BMiQ bKHH2` +QM}/2M+2 BMi2`pHb Ub2i i NyW b BM i?2 Q`B;BMH TT2` Q7 :mD`/Q 2i HX
UkyR9VVX .m`BM; i?2 }`bi bBt v2`b- i?2b2 BMi2`pHb `2 #Qmi kyW bKHH2` QM p2`;2 BM i?2
bT2+B}+iBQMb i?i BM+Hm/2 H2/b Q7 i?2 b?Q+FX
h?B`/- i?2b2 M``Qr2` BMi2`pHb MQr BM+Hm/2 x2`Q 7Q` KQbi Q7 i?2 `2bTQMb2 ?Q`BxQMX A;MQ`BM;
i?2 T2`bBbi2M+2 Q7 i?2 b?Q+F rQmH/ H2/ iQ i?2 +QM+HmbBQM i?i i?2 QmiTmi +QMi`+iBQM 7i2`
yi,t+h = μh,i + λh,t + βh,0shocki,t +
h∑
f=1
βh,fshocki,t+f + βh,sXi,t + ξi,t+h, UkyV
9Xk 6Bb+H +QMbQHB/iBQMb U:mD`/Q 2i HX UkyR9VV
AM i?Bb bm#b2+iBQM r2 2tTHQ`2 i?2 `2H2pM+2 Q7 Qm` `2bmHib BM i?2 +QMi2ti Q7 2TBbQ/2b Q7 }b+H
+QMbQHB/iBQM- b T`Q/m+2/ BM :mD`/Q 2i HX UkyR9VX h?2 mi?Q`b 2KTHQv  TM2H Q7 P1*.
2+QMQKB2b iQ MHvx2 i?2 `2bTQMb2 Q7 2+QMQKB+ +iBpBiv iQ /Bb+`2iBQM`v +?M;2b BM }b+H
TQHB+v KQiBpi2/ #v  /2bB`2 iQ `2/m+2 i?2 #m/;2i /2}+Bi M/ MQi +Q``2Hi2/ rBi? i?2 b?Q`i@
i2`K 2+QMQKB+ QmiHQQFXje b K2MiBQM2/ BM h#H2 R- i?Bb K2bm`2 Q7 }b+H +?M;2b 2t?B#Bib
bQK2 /2;`22 Q7 T2`bBbi2M+2Xjd
hQ 2tTHQ`2 i?2 2z2+ib Q7 T2`bBbi2M+2 BM i?Bb +QMi2ti- r2 +QKTmi2 i?2 `2bTQMb2b 2biBKiBM;
 b2`B2b Q7 GSb,j3
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"H+F HBM2b b?Qr i?2 `2bmHib 7`QK 2[miBQM UkyV rBi? QmiTmi b /2T2M/2Mi p`B#H2 M/ b2iiBM; βh,f = 0 ∀h, f -
BX2X rBi?Qmi BM+Hm/BM; Mv H2/b Q7 i?2 b?Q+FX :`2v `2b `2T`2b2Mi NyW L2r2v@q2bi +QM}/2M+2 BMi2`pHb 7Q`
i?2b2 2biBKi2b UbK2 BMi2`pH b `2TQ`i2/ BM :mD`/Q 2i HX UkyR9VVX _2/ bQHB/ HBM2b `2T`2b2Mi i?2 `2bmHib Q7






βh,fshockt+f + ξt+h. UkRV
9y//BM; +QMi`QHb bm+? b H;b Q7 QmiTmi Q` i?2 QrM b?Q+F /Q MQi z2+i i?2 Q#iBM2/ `2bmHib b?QrM M2tiX
 }b+H +QMbQHB/iBQM Bb bB;MB}+Mi i?`Qm;?Qmi i?2 bBt v2`b 7i2` i?2 b?Q+FX >Qr2p2`- r?2M
++QmMiBM; 7Q` T2`bBbi2M+2- i?2 2z2+i Q7 i?2 b?Q+F Bb bB;MB}+Mi QMHv /m`BM; i?2 }`bi v2` 7i2`
i?2 b?Q+F- r?BH2 Bi b22Kb H2bb THmbB#H2 iQ +QM+Hm/2 i?i i?2 2z2+i Bb biiBbiB+HHv /Bz2`2Mi
7`QK x2`Q /m`BM; i?2 `2bi Q7 i?2 `2bTQMb2 ?Q`BxQMX
9Xj ht b?Q+Fb U_QK2` M/ _QK2` UkyRyVV
q?i ?TT2Mb r?2M BM+Hm/BM; H2/b Q7 MQM@T2`bBbi2Mi b?Q+Fb\ AM i?Bb b2+iBQM r2 +QM/m+i
 TH+2#Q i2bi #b2/ QM _QK2` M/ _QK2` UkyRyV- r?Q BMp2biB;i2 i?2 QmiTmi 2z2+ib Q7
H2;BbHi2/ it +?M;2bX _QK2` M/ _QK2` UkyRyV B/2MiB7v 2tQ;2MQmb +?M;2b BM it `2p2Mm2b
#v +HbbB7vBM; }b+H `27Q`Kb ++Q`/BM; iQ i?2B` KQiBpiBQM UBX2X r?2i?2` Q` MQi i?2v `2 i?2
`2bTQMb2 iQ +?M;BM; K+`Q2+QMQKB+ +QM/BiBQMbVX b /Bb+mbb2/ BM a2+iBQM k- Bi Bb i?2 QMHv
b?Q+F +QMbB/2`2/ ?2`2 7Q` r?B+? r2 mMK#B;mQmbHv 7BH iQ `2D2+i i?2 MmHH ?vTQi?2bBb Q7 MQ
T2`bBbi2M+2X >2M+2- i?2 BM+HmbBQM Q7 H2/b Q7 i?2 b?Q+F b?QmH/ MQi ?p2  /Bb+2`MB#H2 BKT+i
QM i?2 2biBKiBQM Q7 /vMKB+ `2bTQMb2bX
hQ 2KTB`B+HHv /2KQMbi`i2 i?Bb- r2 2biBKi2 i?2 `2bTQMb2 Q7 QmiTmi iQ 2tQ;2MQmb it
+?M;2b 7QHHQrBM; _QK2` M/ _QK2` UkyRyVX q2 /Ti i?2 Q`B;BMH 2biBKiBQM 7`QK i?2
mi?Q`b U bBM;H2 2[miBQM rBi? MQ +QMi`QHb 2biBKi2/ #v PGaV iQ i?2 GSb b2iiBM;,9y
6B;m`2 d, PmiTmi `2bTQMb2 iQ  }b+H +QMbQHB/iBQM b?Q+F- rBi? M/ rBi?Qmi H2/b













BANCO DE ESPAÑA 33 DOCUMENTO DE TRABAJO N.º 1944
9Rh?2 /Bz2`2M+2 rBi? i?2 Q`B;BMH 2biBKiBQMb 7`QK _QK2` M/ _QK2` UkyRyV `2 QMHv [mMiBiiBp2, i?2
T2F it KmHiBTHB2` Bb #Qmi j BM i?2 Ryi? [m`i2`X Pm` 2biBKiBQMb bm;;2bi  T2F KmHiBTHB2` Q7 kXk8 HbQ
`2+?2/ BM i?2 bK2 [m`i2`X
AM Qm` }`bi 2t2`+Bb2- r2 b2i βh,f = 0 ∀h, f BM 2[miBQM UkRV iQ `2THB+i2 i?2 `2bmHib 7`QK
_QK2` M/ _QK2` UkyRyVX h?2 `2bmHib `2 b?QrM 6B;m`2 3 U#H+F HBM2bVX h?2 `2bTQMb2 Q7
QmiTmi Bb bBKBH` iQ i?i BM _QK2` M/ _QK2` UkyRyV, Bi 7HHb T2`bBbi2MiHv 7i2`  it ?BF2 Q7
RW Q7 :.S- rBi?  T2F 2z2+i `2+?2/ BM i?2 Ryi? [m`i2`X9R
L2ti- r2 HHQr 7Q` βh,f = 0X h?2 `2bmHib- b?QrM BM 6B;m`2 3 U`2/ HBM2bV- bm;;2bi i?i
6B;m`2 3, _2bTQMb2 Q7 QmiTmi iQ _QK2` M/ _QK2` UkyRyV it b?Q+Fb- rBi? M/ rBi?Qmi
H2/b
















"H+F bQHB/ HBM2 b?Qrb i?2 `2bTQMb2b iQ  it b?Q+F 2biBKi2/ 7`QK 2[miBQMUkRV rBi? βh,f = 0- BX2X rBi?Qmi
BM+Hm/BM; Mv H2/X :`2v `2b `2T`2b2Mi e3 M/ N8W L2r2v@q2bi +QM}/2M+2 BMi2`pHb 7Q` i?2b2 2biBKi2bX
_2/ bQHB/ HBM2 b?Qrb i?2 `2bTQMb2b iQ  it b?Q+F 2biBKi2/ 7`QK 2[miBQM UkRV rBi? βh,f = 0 M/ BM+Hm/BM;
h H2/b Q7 i?2 b?Q+FX _2/ /b?2/ HBM2b `2T`2b2Mi N8W L2r2v@q2bi +QM}/2M+2 BMi2`pHb 7Q` i?2b2 2biBKi2bX
i?2 BM+HmbBQM Q7 H2/b /Q2b MQi bB;MB}+MiHv z2+i i?2 `2bmHibX h?2 TQBMi 2biBKiBQMb rBi?
M/ rBi?Qmi H2/b Q7 i?2 b?Q+F Qp2`HT 2+? Qi?2` 7Q` KQbi Q7 i?2 `2bTQMb2 ?Q`BxQM M/ QMHv
/Bp2`;2 bHB;?iHv /m`BM; i?2 [m`i2`b 3 iQ RRi?X
q?BH2- ;Bp2M i?2 `2bmHib Q7 h#H2 R r2 b?QmH/ MQi 2tT2+i  +?M;2 BM i?2 TQBMi 2biBKi2b
Ur?B+? r2 ?p2 +Q``Q#Q`i2/V i?2 bK2 +MMQi #2 bv #Qmi Bbbm2b `2;`/BM; BM72`2M+2X >Qr@
2p2`- 6B;m`2 3 b?Qrb i?i +QM}/2M+2 #M/b `2 MQi /BbiBM;mBb?#H2 #2ir22M #Qi? bT2+B}+iBQMb
/m`BM; i?2 }`bi b2p2M [m`i2`b M/ /Bz2` QMHv bHB;?iHv 7i2`r`/bX
AM bmK- i?Bb TH+2#Q 2t2`+Bb2 Bb `2bbm`BM; BM i?i i?2 BM+HmbBQM Q7 H2/b QMHv Kii2`b r?2M
i?2 2tTHMiQ`v p`B#H2 /BbTHvb bQK2 T2`bBbi2M+2X h?2b2 `2bmHib bm;;2bi i?i BM+Hm/BM; H2/b
BM GSb Bb  +QMb2`piBp2 rv iQ //`2bb i?2 2z2+ib Q7 T2`bBbi2M+2 r?2M i?2`2 Bb  bmbTB+BQM
i?i i?2 b?Q+F Bb T2`bBbi2MiX
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8 *QM+HmbBQMb
AM i?Bb TT2`- r2 ?p2 b?QrM i?i T2`bBbi2M+2 `2bmHib BM i?2 2biBKiBQM Q7 /Bz2`2Mi `2bTQMb2b
r?2M mbBM; GSb p2`bmb i`/BiBQMH K2i?Q/b #b2/ QM J `2;`2bbBQMbX AM T`iB+mH`- 7Q` 
`2b2`+?2` BMi2`2bi2/ BM i?2 `2bTQMb2 b B7 i?2 b?Q+F r2`2 MQi T2`bBbi2Mi- J `2;`2bbBQMb vB2H/
i?2 /2bB`2/ Q#D2+i- #mi GSb M22/ iQ #2 /Ti2/X q2 ?p2 T`QTQb2/  K2i?Q/ #b2/ QM i?2
BM+HmbBQM Q7 H2/b Q7 i?2 b?Q+F iQ //`2bb i?Bb Bbbm2X
++QmMiBM; 7Q` T2`bBbi2M+2 Bb T`iB+mH`Hv `2H2pMi 7`QK  TQHB+v biM/TQBMiX h?2 +QKT`@
BbQM Q7 i?2 2z2+iBp2M2bb Q7 /Bz2`2Mi b?Q+Fb b?QmH/ #2 #b2/ QM i?2 bbmKTiBQM i?i i?2 /i
;2M2`iBM; T`Q+2bb2b mM/2`HvBM; i?2 b?Q+Fb `2 +QKT`#H2X Pi?2`rBb2- i?2 `2b2`+?2` +QmH/
BM/p2`i2MiHv Qp2`2biBKi2 i?2 2z2+i Q7 b?Q+Fb i?i b?Qrb rBi? ?B;? T2`bBbi2M+2X >Qr2p2`-
i?2`2 KB;?i #2 TTHB+iBQMb r?2`2 BM+Hm/BM; HH i?2 72im`2b Q7 i?2 /i U2X;X T2`bBbi2M+2V Kv
#2 /pMi;2QmbX h?2 BK Q7 Qm` TT2` Bb iQ b?Qr i?i i?2b2 72im`2b `2 i`2i2/ /Bz2`2MiHv
/2T2M/BM; QM i?2 K2i?Q/ mb2/ iQ B/2MiB7v i?2 /vMKB+ 2z2+ibX
h?2 mb2 Q7 H2/b ?b M //BiBQMH /pMi;2 BM GSb #2vQM/ //`2bbBM; +QM+2`Mb #Qmi
T2`bBbi2M+2X b Bi ?b #22M b?QrM- i?2 BM+HmbBQM Q7 H2/b Q7  p`B#H2 2z2+iBp2Hv b?mib /QrM
i?2 i`MbKBbbBQM +?MM2H i?i QT2`i2b i?`Qm;? i?i p`B#H2 /m2 iQ Bib T2`bBbi2M+2X 6Q`
2tKTH2- QM2 Kv #2 BMi2`2bi2/ BM i?2 2z2+ib Q7 KQM2i`v TQHB+v b?Q+Fb QM QmiTmi /m2 iQ 
T`iB+mH` BMbi`mK2Mi r?BH2 ?QH/BM; Qi?2` p`B#H2b +QMbiMi U2X;X +?M;2b iQ }b+H TQHB+vVX
AM i?2 +QMi2ti Q7 GSb- H2/b Q7  b2H2+i2/ p`B#H2 U2X;X it +?M;2bV rBHH /2HBp2` `2bTQMb2b
?QH/BM; i?i p`B#H2 +QMbiMiX h?Bb K2i?Q/QHQ;v HHQrb iQ b2T`i2 i?2 /B`2+i U/m2 iQ i?2
BKT+i i?`Qm;? i?2 `2;`2bbQ` Q7 BMi2`2biV M/ BM/B`2+i 2z2+ib U/m2 iQ Qi?2` p`B#H2b BM i?2
`2;`2bbBQMVX h?Bb ?b Q7i2M #22M mb2/ BM i?2 +QMi2ti Q7 o_b- #v BKTQbBM; `2bi`B+iBQMb QM
i?2 +Q2{+B2Mib Q7 b2H2+i2/ BKTmHb2 `2bTQMb2bX9k h?2 BM+HmbBQM Q7 H2/b +?B2p2b  bBKBH` ;QH
BM GSb- ?2M+2 HHQrBM; iQ +QMbi`m+i BMi2`2biBM; K+`Q2+QMQKB+ 2tT2`BK2MibX q2 H2p2 i?2b2
[m2biBQMb 7Q` 7mim`2 `2b2`+?X
9ka22 7Q` 2tKTH2, "2`MMF2 2i HX URNNdV- aBKb M/ w? UkyyeV- Q` "+?KMM M/ aBKb UkyRkVX
BANCO DE ESPAÑA 35 DOCUMENTO DE TRABAJO N.º 1944
_272`2M+2b
H2bBM- X- "`#B2`Q- PX- 6p2`Q- *X- :BpxxB- 6X- M/ S`/BbB- JX UkyRdVX h?2 2z2+ib
Q7 }b+H +QMbQHB/iBQMb, h?2Q`v M/ 2pB/2M+2X qQ`FBM; ST2` kjj38- LiBQMH "m`2m Q7
1+QMQKB+ _2b2`+?X
H2bBM- X- 6p2`Q- *X- M/ :BpxxB- 6X UkyR8VX h?2 QmiTmi 2z2+i Q7 }b+H +QMbQHB/iBQM
THMbX CQm`MH Q7 AMi2`MiBQMH 1+QMQKB+b- Ne,aRNĜa9kX
HHQx- JX UkyR3VX Ab 6Bb+H SQHB+v JQ`2 1z2+iBp2 BM lM+2`iBM hBK2b Q` .m`BM; _2+2bbBQMb\
qQ`FBM; ST2` Rdjy- "M+Q /2 1bTƢX
`2HHMQ- JX M/ "QM/- aX URNNRVX aQK2 h2bib Q7 aT2+B}+iBQM 7Q` SM2H .i, JQMi2 *`HQ
1pB/2M+2 M/ M TTHB+iBQM iQ 1KTHQvK2Mi 1[miBQMbX _2pB2r Q7 1+QMQKB+ aim/B2b-
83UkV,kddĜkNdX
`2xFB- _X- _K2v- oX X- M/ a?2M;- GX UkyRdVX L2rb b?Q+Fb BM QT2M 2+QMQKB2b, 1pB/2M+2
7`QK ;BMi QBH /Bb+Qp2`B2bX Zm`i2`Hv CQm`MH Q7 1+QMQKB+b- RjkURV,RyjĜR88X
m2`#+?- X M/ :Q`Q/MB+?2MFQ- uX UkyRkVX J2bm`BM; i?2 PmiTmi _2bTQMb2b iQ 6Bb+H
SQHB+vX K2`B+M 1+QMQKB+ CQm`MH, 1+QMQKB+ SQHB+v- 9UkV,RĜkdX
"+?KMM- _X M/ aBKb- 1X _X UkyRkVX *QM}/2M+2 M/ i?2 i`MbKBbbBQM Q7 ;Qp2`MK2Mi
bT2M/BM; b?Q+FbX CQm`MH Q7 JQM2i`v 1+QMQKB+b- 8NUjV,kj8 Ĝ k9NX
"2F- *X M/ G22- "X UkyRNVX "*b Q7 lM/2`biM/BM; aBM;H2 1[miBQM _2;`2bbBQMbX
JMmb+`BTi- lMBp2`bBiv Q7 *HB7Q`MB- "2`F2H2vX
"`MB+?QM- _X M/ "`QrMH22b- *X hX UkyR3VX AKTmHb2 `2bTQMb2 2biBKiBQM #v bKQQi? HQ+H
T`QD2+iBQMbX _2pB2r Q7 1+QMQKB+b M/ aiiBbiB+b- 7Q`i?+QKBM;X
"`MB+?QM- _X M/ Jii?2b- *X UkyRdVX lM/2`biM/BM; i?2 aBx2 Q7 i?2 :Qp2`MK2Mi aT2M/BM;
JmHiBTHB2`, AiǶb BM i?2 aB;MX qQ`FBM; TT2`- JBK2QX
"2`MMF2- "X aX- :2`iH2`- JX- qibQM- JX- aBKb- *X X- M/ 6`B2/KM- "X JX URNNdVX avb@
i2KiB+ KQM2i`v TQHB+v M/ i?2 2z2+ib Q7 QBH T`B+2 b?Q+FbX "`QQFBM;b ST2`b QM 1+QMQKB+
+iBpBiv- RNNdURV,NRĜR8dX
"HQQK- LX UkyyNVX h?2 AKT+i Q7 lM+2`iBMiv a?Q+FbX 1+QMQK2i`B+- ddUjV,ekjĜe38X
"Qt- :X 1X M/ SB2`+2- .X X URNdyVX .Bbi`B#miBQM Q7 `2bB/mH miQ+Q``2HiBQMb BM
miQ`2;`2bbBp2@BMi2;`i2/ KQpBM; p2`;2 iBK2 b2`B2b KQ/2HbX CQm`MH Q7 i?2 K2`B+M
aiiBbiB+H bbQ+BiBQM- e8UjjkV,R8yNĜR8keX
*?QB- AX M/ Em`QxmKB- 1X UkyRkVX JQ/2H b2H2+iBQM +`Bi2`B 7Q` i?2 H2/b@M/@H;b +QBMi2;`iBM;
`2;`2bbBQMX CQm`MH Q7 1+QMQK2i`B+b- ReNUkV,kk9Ĝkj3X
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*?`BbiBMQ- GX CX- 1B+?2M#mK- JX- M/ 1pMb- *X GX URNNNVX JQM2i`v TQHB+v b?Q+Fb, q?i
?p2 r2 H2`M2/ M/ iQ r?i 2M/\ >M/#QQF Q7 J+`Q2+QMQKB+b- R,e8ĜR93X
*HQvM2- CX UkyRjVX .Bb+`2iBQM`v ht *?M;2b M/ i?2 J+`Q2+QMQKv, L2r L``iBp2 1pB@
/2M+2 7`QK i?2 lMBi2/ EBM;/QKX K2`B+M 1+QMQKB+ _2pB2r- RyjU9V,R8ydĜk3X
*HQvM2- CX M/ >Ƀ`i;2M- SX UkyReVX h?2 J+`Q2+QMQKB+ 1z2+ib Q7 JQM2i`v SQHB+v, 
L2r J2bm`2 7Q` i?2 lMBi2/ EBM;/QKX K2`B+M 1+QMQKB+ CQm`MH, J+`Q2+QMQKB+b-
3U9V,d8ĜRykX
*QB#BQM- PX UkyRkVX `2 i?2 1z2+ib Q7 JQM2i`v SQHB+v a?Q+Fb "B; Q` aKHH\ K2`B+M
1+QMQKB+ CQm`MH, J+`Q2+QMQKB+b- 9UkV,RĜjkX
.2p`B2b- SX- :mD`/Q- CX- G2B;?- .X- M/ S2b+iQ`B UkyRRVX  L2r +iBQM@"b2/ .ib2i Q7
6Bb+H *QMbQHB/iBQMX qQ`FBM; TT2`- AJ6 qQ`FBM; ST2` LQX RRfRk3X
6mbi- CX M/ q`B;?i- CX >X UkyRRVX 1{+B2Mi T`2/B+iBQM Q7 2t+2bb `2im`MbX _2pB2r Q7 1+QMQKB+b
M/ aiiBbiB+b- NjUkV,e9dĜe8NX
6B2H/?Qmb2- X- J2`i2Mb- EX- M/ _pM- JX PX UkyRdVX h?2 K+`Q2+QMQKB+ 2z2+ib Q7 ;Qp@
2`MK2Mi bb2i Tm`+?b2b, 2pB/2M+2 7`QK TQbir` la ?QmbBM; +`2/Bi TQHB+vX h?2 Zm`i2`Hv
CQm`MH Q7 1+QMQKB+bX
6Bb?2`- CX .X M/ S2i2`b- _X UkyRyVX lbBM; aiQ+F _2im`Mb iQ A/2MiB7v :Qp2`MK2Mi aT2M/BM;
a?Q+FbX h?2 1+QMQKB+ CQm`MH- RkyU899V,9R9Ĝ9jeX
:2`iH2`- JX M/ E`/B- SX UkyR8VX JQM2i`v SQHB+v am`T`Bb2b- *`2/Bi *Qbib- M/ 1+QMQKB+
+iBpBivX K2`B+M 1+QMQKB+ CQm`MH, J+`Q2+QMQKB+b- dURV,99ĜdeX
:2r2F2- CX 6X M/ aBM;H2iQM- EX CX URN3RVX JtBKmK HBF2HB?QQ/Ǵ +QM}`KiQ`vǴ 7+iQ` MHvbBb
Q7 2+QMQKB+ iBK2 b2`B2bX AMi2`MiBQMH 1+QMQKB+ _2pB2r- T;2b jdĜ89X
:BH+?`Bbi- aX M/ wF`DȒ2F- 1X UkyRkVX *`2/Bi aT`2/b M/ "mbBM2bb *v+H2 6Hm+imiBQMbX
K2`B+M 1+QMQKB+ _2pB2r- RykU9V,ReNkĜRdkyX
:QmD`/- X UkyRdVX *`Qbb@*QmMi`v aTBHHQp2`b 7`QK 6Bb+H *QMbQHB/iBQMbX 6Bb+H aim/B2b-
j3UkV,kRNĜkedX
:mD`/Q- CX- G2B;?- .X- M/ S2b+iQ`B- X UkyR9VX 1tTMbBQM`v mbi2`Biv\ AMi2`MiBQMH
2pB/2M+2X CQm`MH Q7 i?2 1m`QT2M 1+QMQKB+ bbQ+BiBQM- RkU9V,N9NĜNe3X
>H+- JX M/ u`2/- SX UkyR9VX 6Bb+H `mH2b M/ /Bb+`2iBQM mM/2` T2`bBbi2Mi b?Q+FbX 1+QMQ@
K2i`B+- 3kU8V,R88dĜReR9X
CQ`/¨- ǀX Ukyy8VX 1biBKiBQM M/ BM72`2M+2 Q7 BKTmHb2 `2bTQMb2b #v HQ+H T`QD2+iBQMbX K2`@
B+M 1+QMQKB+ _2pB2r- N8URV,ReRĜR3kX
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EQQT- :X- S2b`M- JX- M/ SQii2`- aX JX URNNeVX AKTmHb2 `2bTQMb2 MHvbBb BM MQMHBM2`
KmHiBp`Bi2 KQ/2HbX CQm`MH Q7 1+QMQK2i`B+b- d9URV,RRN Ĝ R9dX
GDmM;- :X JX M/ "Qt- :X 1X URNd3VX PM  K2bm`2 Q7 H+F Q7 }i BM iBK2 b2`B2b KQ/2HbX
"BQK2i`BF- e8UkV,kNdĜjyjX
J2`i2Mb- EX M/ _pM- JX PX UkyRkVX 1KTB`B+H 2pB/2M+2 QM i?2 ;;`2;i2 2z2+ib Q7 MiB+@
BTi2/ M/ mMMiB+BTi2/ la it TQHB+v b?Q+FbX K2`B+M 1+QMQKB+ CQm`MH, 1+QMQKB+
SQHB+v- 9UkV,R98Ĝ3RX
J2`i2Mb- EX M/ _pM- JX PX UkyRjVX h?2 .vMKB+ 1z2+ib Q7 S2`bQMH M/ *Q`TQ`i2 AM+QK2
ht *?M;2b BM i?2 lMBi2/ aii2bX K2`B+M 1+QMQKB+ _2pB2r- RyjU9V,RkRkĜ9dX
JB`M/@;`BTTBMQ- aX M/ _B++Q- :X UkyR3VX h?2 i`MbKBbbBQM Q7 KQM2i`v TQHB+v b?Q+FbX
*1S_ .Bb+mbbBQM ST2` LQX .SRjjNeX
PrvM;- JX hX- _K2v- oX X- M/ wm#B`v- aX UkyRjVX `2 ;Qp2`MK2Mi bT2M/BM; KmHiBTHB2`b
;`2i2` /m`BM; T2`BQ/b Q7 bH+F\ 1pB/2M+2 7`QK ir2MiB2i?@+2Mim`v ?BbiQ`B+H /iX K2`B+M
1+QMQKB+ _2pB2r- RyjUjV,RkNĜj9X
SH;#Q`;@JǠHH2`- JX M/ qQH7- *X EX UkyRNVX GQ+H S`QD2+iBQMb M/ o_b 1biBKi2 i?2 aK2
AKTmHb2 _2bTQMb2bX JMmb+`BTi- S`BM+2iQM lMBp2`bBivX
_K2v- oX UkyRRVX A/2MiB7vBM; :Qp2`MK2Mi aT2M/BM; a?Q+Fb, AiǶb HH BM i?2 hBKBM;X Zm`i2`Hv
CQm`MH Q7 1+QMQKB+b- RkeURV,RX
_K2v- oX M/ a?TB`Q- JX URNN3VX *QbiHv *TBiH _2HHQ+iBQM M/ i?2 1z2+ib Q7 :Qp2`M@
K2Mi aT2M/BM;X AM *`M2;B2@_Q+?2bi2` *QM72`2M+2 a2`B2b QM Sm#HB+ SQHB+v- pQHmK2 93-
T;2b R98ĜRN9X 1Hb2pB2`X
_K2v- oX X UkyReVX J+`Q2+QMQKB+ b?Q+Fb M/ i?2B` T`QT;iBQMX AM >M/#QQF Q7 J+`Q2@
+QMQKB+b- pQHmK2 k- T;2b dRĜRekX 1Hb2pB2`X
_K2v- oX X UkyRNVX h2M u2`b 7i2` i?2 6BMM+BH *`BbBb, q?i >p2 q2 G2`M2/ 7`QK i?2
_2MBbbM+2 BM 6Bb+H _2b2`+?\ CQm`MH Q7 1+QMQKB+ S2`bT2+iBp2b- jjUkV,3NĜRR9X
_K2v- oX X M/ wm#B`v- aX UkyR3VX :Qp2`MK2Mi bT2M/BM; KmHiBTHB2`b BM ;QQ/ iBK2b M/
BM #/, 1pB/2M+2 7`QK la ?BbiQ`B+H /iX CQm`MH Q7 SQHBiB+H 1+QMQKv- RkeUkV,38yĜNyRX
_QK2`- *X .X M/ _QK2`- .X >X URN3NVX .Q2b KQM2i`v TQHB+v Kii2`\  M2r i2bi BM i?2
bTB`Bi Q7 6`B2/KM M/ a+?r`ixX L"1_ J+`Q2+QMQKB+b MMmH- 9,RkRĜRdyX
_QK2`- *X .X M/ _QK2`- .X >X Ukyy9VX  L2r J2bm`2 Q7 JQM2i`v a?Q+Fb, .2`BpiBQM
M/ AKTHB+iBQMbX K2`B+M 1+QMQKB+ _2pB2r- N9U9V,Ry88ĜRy39X
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_QK2`- *X .X M/ _QK2`- .X >X UkyRyVX h?2 K+`Q2+QMQKB+ 2z2+ib Q7 it +?M;2b, 2biBKi2b
#b2/ QM  M2r K2bm`2 Q7 }b+H b?Q+FbX K2`B+M 1+QMQKB+ _2pB2r- RyyUjV,dejĜ3yRX
aBKb- *X X M/ w?- hX UkyyeVX .Q2b KQM2i`v TQHB+v ;2M2`i2 `2+2bbBQMb\ J+`Q2+QMQKB+
.vMKB+b- RyUkV,kjRĜkdkX
aiQ+F- CX M/ qibQM- JX URNNjVX  aBKTH2 1biBKiQ` Q7 *QBMi2;`iBM; o2+iQ`b BM >B;?2`
P`/2` AMi2;`i2/ avbi2KbX 1+QMQK2i`B+- eRU9V,d3jĜ3kyX
aiQ+F- CX >X M/ qibQM- JX qX UkyR3VX A/2MiB}+iBQM M/ 1biBKiBQM Q7 .vMKB+ *mbH
1z2+ib BM J+`Q2+QMQKB+b lbBM; 1ti2`MH AMbi`mK2MibX 1+QMQKB+ CQm`MH- Rk3UeRyV,NRdĜ
N93X
h2M`2v`Q- aX M/ h?rBi2b- :X UkyReVX Smb?BM; QM  ai`BM;, la JQM2i`v SQHB+v Ab G2bb
SQr2`7mH BM _2+2bbBQMbX K2`B+M 1+QMQKB+ CQm`MH, J+`Q2+QMQKB+b- 3U9V,9jĜd9X
h2mHBM;b- *X LX M/ wm#MQp- LX UkyR9VX Ab 2+QMQKB+ `2+Qp2`v  Kvi?\ _Q#mbi 2biBKiBQM
Q7 BKTmHb2 `2bTQMb2bX CQm`MH Q7 TTHB2/ 1+QMQK2i`B+b- kNUjV,9NdĜ8R9X
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PMHBM2 TT2M/B+2b
 S`QQ7b
XR S`QQ7 Q7 S`QTQbBiBQM R
*QMbB/2` 2[miBQM U8V U`2r`Bii2M ?2`2 7Q` +QMp2MB2M+2V,
yt+h = δhxt + ξt+h, UXRV
r?2`2 δh = R(h)LP `2T`2b2Mib i?2 BKT+i Q7 p`B#H2 xt QM yt+h Ui?2 `2bTQMb2 7mM+iBQMVX





h?2 /vMKB+ 2z2+i Q7 xt QM yt+h +M HbQ #2 Q#iBM2/ 7`QK J `2;`2bbBQMb b BM 2[m@
iBQM U9V,
yt = θ0xt + θ1xt−1 + θ2xt−2 + θ3xt−3 + θ4xt−4 . . .+ ut.
aBM+2 i?Bb 2tT`2bbBQM ?QH/b ∀t- Bi +M #2 r`Bii2M b,
yt+h = θ0xt+h + θ1xt+h−1 + θ2xt+h−2 + θ3xt+h−3 + . . .+ θhxt + ut,



















AM i?Bb +b2- δh = θh M/ GSb M/ J vB2H/ i?2 bK2 `2bTQMb2b, R(h)LP = R(h)MA ∀hX
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RLQi2 HbQ i?i i?2 `2bmHib 2bBHv ;2M2`HBx2 iQ +b2b r?2M xt Bb M miQ`2;`2bbBp2 T`Q+2bb Q7 ?B;?2` Q`/2`X












q?2M h = 0- i?2 #Qp2 2tT`2bbBQM #2+QK2b θ0 = δ cov(xt,xt)var(xt) = δX 6Q` h > 0- r2 ?p2





= 0X h?Bb b?Qrb i?i r?2M γ = 0- r2 ?p2 i?i R(h)LP =
R(h)MA B7 M/ QMHv B7 h = 0X 
Xk S`QQ7 Q7 S`QTQbBiBQM k
*QMbB/2` 2[miBQM UNV U`2r`Bii2M ?2`2 7Q` +QMp2MB2M+2V,
yt+h = δh,0xt + δh,1xt+1 + ξt+h, UXeV
r?2`2 δh,0 = R(h)F `2T`2b2Mib i?2 BKT+i Q7 i?2 b?Q+F xt QM yt+h r?2M BM+Hm/BM; H2/b












LQi2 i?i i?2 /i ;2M2`iBM; T`Q+2bb BM bvbi2K URV +QMbB/2`b i?i xt Bb M _URV bQ Bi
+M #2 `2T`2b2Mi2/ BM i2`Kb Q7 xt+1 Ub22 2[miBQM UX8VVXR h?2M- r2 ?p2 i?i J `2;`2bbBQMb





















= δ = δ0,0.
























aQ r2 ?p2 R(h)F = R(h)MA ∀ h-γX M/ r2 FMQr i?i R(h)MA = R(h)∗ - 7`QK i?2
b2+iBQM #Qp2X 
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Xj S`QQ7 Q7 S`QTQbBiBQM j
*QMbB/2`  p2`bBQM Q7 2[miBQM URRV `2r`Bii2M ?2`2 7Q` +QMp2MB2M+2,
yt = θ˜0εt + θ˜1εt−1 + θ˜2εt−2 + θ˜3εt−3 + θ˜4εt−4 . . .+ ut, UXRyV
r?2`2 θ˜0 = R(h)MA−per `2T`2b2Mib i?2 BKT+i Q7 p`B#H2 εt QM yt+hX LQi2 i?i εt Bb
MQi Q#b2`p#H2 #mi +M #2 Q#iBM2/ B7 r2 FMQr i?2 /i ;2M2`iBM; T`Q+2bb /2b+`B#2/ BM
bvbi2K URVX aBM+2 2[miBQM UXRyV `2T`2b2Mib i?2 HBM2` T`QD2+iBQM Q7 yt QM εt M/ Bib H;b-













h?Bb 2tT`2bbBQM Bb 2[mBpH2Mi iQ 2[miBQM UXkV r?B+? BKTHB2b i?i θ˜h = δh M/R(h)MA−per =













LQi2 i?i i?2 #Qp2 2tT`2bbBQM vB2H/b i?2 bK2 `2bmHi b 2[miBQM UX9V- r?B+? b?Qrb
i?i θ˜h = δh ∀ hX 
BANCO DE ESPAÑA 42 DOCUMENTO DE TRABAJO N.º 1944
" 6m`i?2` `2bmHib
"XR _2bTQMb2b BM GSb mbBM; p`B#H2b /Dmbi2/ 7Q` b2`BH +Q``2H@
iBQM
M TT`2Mi TQi2MiBH Hi2`MiBp2 iQ i?2 mb2 Q7 H2/b T`QTQb2/ BM i?2 KBM i2ti KB;?i #2 iQ
/Dmbi i?2 b?Q+F xt bQ i?i Bi /Q2b MQi /BbTHv T2`bBbi2M+2 U2X;X #v `2;`2bbBM; xt QM Bib QrM
H;b M/ mbBM; i?2 `2bmHiBM; `2bB/mHVX PM+2 i?2 T2`bBbi2M+2 Bb `2KQp2/- QM2 Kv 2tT2+i i?2
/vMKB+ `2bTQMb2b MQi iQ BM+Hm/2 i?2 2z2+i /m2 iQ i?2 T2`bBbi2M+2 Q7 i?2 b?Q+FX >Qr2p2`-
i?Bb Bb MQi i?2 +b2 BM  GSb b2iiBM;- b r2 b?Qr M2tiX
*QMbB/2` i?2 +b2 r?2`2 r2 Q#iBM  p`B#H2 /Dmbi2/ 7Q` b2`BH +Q``2HiBQM, εt = xt −
γxt−1- b b?QrM BM 2[miBQM U3VX h?2M- εt +M #2 mb2/ b bm#biBimi2 Q7 i?2 Q`B;BMH b?Q+F xtX
bbmKBM; B1 = 0 BM bvbi2K URkV U7Q` bBKTHB+BivV +QMbB/2` i?2 7QHHQrBM; b2`B2b Q7 GSb,
yt+h = ρhyt−1 + λhεt + ξt+h. U"XRV
hQ Q#iBM i?2 /vMKB+ `2bTQMb2b Q7 yt iQ i?2 b?Q+F εt U/Dmbi2/ 7Q` T2`bBbi2M+2V- r2
`2r`Bi2 i?2 }`bi 2[miBQM BM bvbi2K URkV b  7mM+iBQM Q7 εt M/ +QKTmi2 i?2 `2H2pMi T`iBH














= ρB0 +B0γ = B0(γ + ρ). U"XkV
h?i Bb- 2p2M 7i2` +Q``2+iBM; 7Q` i?2 T2`bBbi2M+2 BM b?Q+F xt- +QMp2MiBQMH GSb vB2H/
`2bTQMb2b i?i biBHH +QMiBM i?2 2z2+i Q7 T2`bBbi2M+2 Q7 i?2 b?Q+FX
q?BH2 i?Bb `2bmHi Kv b22K +QmMi2`@BMimBiBp2- Bi `Bb2b 7`QK i?2 7+i i?i GSb /Q MQi ?p2
M 2tTHB+Bi /vMKB+ bi`m+im`2 b M J `2T`2b2MiiBQMX >2M+2- `2KQpBM; i?2 T2`bBbi2M+2
7`QK xt /Q2b MQi 2HBKBMi2 Bib 2z2+i QM yt+1- yt+2- 2i+X
hQ 2KTB`B+HHv b?Qr i?Bb TQBMi- r2 bBKmHi2 b2`B2b Q7 yt M/ xt 7QHHQrBM; bvbi2K URkV M/
i?2 +HB#`iBQM mb2/ BM a2+iBQM jXj Ur2 MQr HHQr B1 = 0VX q2 i?2M Q#iBM i?2 `2bB/mHb εˆt
b M 2biBKi2 Q7 εt /2b+`B#2/ #Qp2 M/ 2biBKi2 i?2 7QHHQrBM; 2[miBQM,
yt+h = ρyt−1 + λh,0εˆt + λh,1εˆt−1 + ξt+h. U"XjV
_2bmHib `2 b?QrM BM 6B;m`2 "RX h?2 bBKmHiBQMb +Q``Q#Q`i2 i?2 #Qp2 `2bmHib M/ r2
}M/ i?i i?2 mb2 Q7  p`B#H2 /Dmbi2/ 7Q` b2`BH +Q``2HiBQM b εˆt BM 2[miBQM U"XRV 7BHb iQ
`2i`B2p2 M BKTmHb2 `2bTQMb2 b i?2 QM2 Q#iBM2/ r?2M γ = 0 BM 2[miBQM URkVX
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R_QK2` M/ _QK2` UkyRyV- _K2v UkyRRV- M/ "HQQK UkyyNV `2 2tKTH2b Q7 bim/B2b i?i BM+Hm/2 b?Q+Fb
b 2M/Q;2MQmb p`B#H2b BM  o_X SH;#Q`;@JǠHH2` M/ qQH7 UkyRNV 7Q`KHHv b?Qr i?i o_b M/ GSb
B/2MiB7v i?2 bK2 BKTmHb2 `2bTQMb2bX >2`2 r2 BHHmbi`i2 i?i r?2M QM2 Q7 i?2 2M/Q;2MQmb p`B#H2b BM i?2
o_ Bb  T2`bBbi2Mi b?Q+F- i?Bb 2z2+i rBHH #2 +``B2/ Qp2` iQ i?2 /vMKB+ `2bTQMb2bX
6B;m`2 "R, aBKmHi2/ `2bTQMb2b mbBM; εˆt








h?Bb };m`2 b?Qrb i?2 `2bTQMb2 Q7  bBKmHi2/ Qmi+QK2 p`B#H2 iQ  b?Q+F rBi? /Bz2`2Mi /2;`22b Q7 T2`bBbi2M+2X
h?2 /`F #Hm2 HBM2 b?Qrb i?2 `2bmHib Q7 2biBKiBM; 2[miBQM U"XjV bbmKBM; γ = 0 BM 2[miBQM URkVX h?2 `2/
HBM2 b?Qrb i?2 bK2 2biBKiBQM r?2M γ = 0.2X h?2 /b?2/ ;`2v HBM2 b?Qrb i?2 `2bTQMb2 r?2M BM+Hm/BM; 
T`2/B+i2/ `2;`2bbQ` r?2`2 T2`bBbi2M+2 ?b #22M `2KQp2/ b 2tTHMiQ`v p`B#H2 Ub BM 2[miBQM U"XRVVX
"Xk AM+Hm/BM; i?2 b?Q+Fb b 2M/Q;2MQmb p`B#H2b BM  o_
 `2b2`+?2` Kv +QMbB/2` BM+Hm/BM;  b?Q+F rBi? T2`bBbi2M+2 b M 2M/Q;2MQmb p`B#H2 BM 
o_X .Q2b i?Bb TT`Q+? 2HBKBMi2 i?2 2z2+i Q7 i?2 T2`bBbi2M+2 Q7 i?2 b?Q+F QM i?2 BKTmHb2
`2bTQMb2b\  o_- bBM+2 Bi 2tTHB+BiHv KQ/2Hb i?2 T2`bBbi2M+2 Q7 i?2 b?Q+F- BM+Hm/2b i?Bb
2z2+i BM i?2 2biBKi2/ BKTmHb2 `2bTQMb2b M/- ?2M+2- vB2H/b i?2 bK2 /vMKB+ 2z2+ib b GSb
U+QMi``v iQ r?i Bb Q#iBM2/ r?2M BM+Hm/BM; i?2 b?Q+F b  J bi`m+im`2 rBi?BM  o_VXR
hQ b22 i?Bb BM M BMimBiBp2 rv- +QMbB/2` i?2 /i ;2M2`iBM; T`Q+2bb ;Bp2M #v bvbi2K URkV
M/ `2r`Bii2M ?2`2 7Q` +QMp2MB2M+2 UrBi?  bHB;?iHv /Bz2`2Mi MQiiBQMV,
yt = ρyt−1 + δ0xt + δ1xt−1 + ε
y
t
xt = γxt−1 + εxt . U"X9V
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M 2+QMQK2i`B+BM rQmH/ 2biBKi2 i?2 7QHHQrBM; `2/m+2/@7Q`K o_,
Yt = BYt−1 + ut, U"XeV
r?2`2 B = A−10 B∗c M/ ut = A
−1
0 εt `2 `2/m+2/@7Q`K `2bB/mHbX aBM+2 i?2 /i ;2M2`iBM;
T`Q+2bb ;Bp2M #v 2[miBQM U"X9V H`2/v BM+Q`TQ`i2b `2bi`B+iBQMb QM i?2 +QMi2KTQ`M2Qmb
#2?pBQ` Q7 i?2 p`B#H2b-  `2b2`+?2` Kv B/2MiB7v i?2 bi`m+im`H BKTmHb2 `2bTQMb2b #v
+QKTmiBM; i?2 *?QH2bFB /2+QKTQbBiBQM Ur?2M xt Bb Q`/2`2/ }`biV Q7 i?2 p`BM+2@+Qp`BM+2
Ki`Bt Q7 `2/m+2/@7Q`K `2bB/mHb utX
>Qr2p2`- MQi2 i?i- r?2M γ = 0- i?2 `2bTQMb2 Q7 yt iQ εxt rBHH BM+Hm/2 M 2z2+i /m2 iQ
i?2 T2`bBbi2M+2 Q7 i?2 b?Q+F xtX AMimBiBp2Hv- +QMbB/2` i?2 +b2 Q7 ρ = δ1 = 0X AM i?Bb b+2M`BQ-
 `2b2`+?2` Kv #2 BMi2`2biBM; BM `2+Qp2`BM;  QM2@Qz b?Q+F iQ xtX >Qr2p2`- i?2 `2bTQMb2
Q7 yt rBHH #2 ;Bp2M #v R(h)V AR = δ0
∑∞
k=0 γ
kεxt−k- i?i Bb- i?2 QM2@Qz b?Q+F rBHH biBHH ?p2
2z2+ib HQM; i?2 `2bTQMb2 ?Q`BxQM #2+mb2 Q7 i?2 T2`Bbi2M+2 Q7 xt Ur?2M γ = 0VX
hQ b22 i?Bb TQBMi BM  KQ`2 ;2M2`H rv- +QMbB/2` i?2 bK2 +HB#`iBQM b mb2/ BM i?2 KBM
i2ti UBX2X ρ = 0.9- δ0 = 1.5- δ1 = 1- M/ 2Bi?2` γ = 0 Q` γ = 0.2VX q2 +QKTmi2 i?2 BKTmHb2
`2bTQMb2b Q7 p`B#H2b yt M/ xt Ui?2 K2bm`2/ b?Q+FV iQ εxt - b?QrM BM 6B;m`2 "kX q2 HbQ
2biBKi2 i?2 bK2 BKTmHb2@`2bTQMb2 7mM+iBQMb 7Q` yt mbBM; GSb- b BM a2+iBQM jXjX
h?2 `2bmHib BHHmbi`i2 i?i- `2;`/H2bb Q7 i?2 pHm2 γ-  o_ i?i +QMbB/2`b xt b 2M/Q;2@
MQmb p`B#H2 M/ GSb 2biBKi2 i?2 bK2 BKTmHb2 `2bTQMb2bX q?2M i?2`2 Bb bQK2 T2`bBbi2M+2
BM i?2 b?Q+F xt- #Qi? i?2 o_ Ui?i +QMbB/2`b xt b M 2M/Q;2MQmb p`B#H2V M/ GSb BM+Hm/2
 /vMKB+ 2z2+i /m2 iQ i?2 T2`bBbi2M+2 Q7 xtX
AKTQ`iMiHv- r?2M xt /BbTHvb T2`bBbi2M+2- i?2 `2bTQMb2 7mM+iBQM 2biBKi2/ #v  o_ rBHH
p`v /2T2M/BM; QM r?2i?2` xt Bb BM+Hm/2/ b M 2M/Q;2MQmb p`B#H2 Ub b?QrM #27Q`2V Q`
M 2tQ;2MQmb QM2 U2X;X rBi?  J bi`m+im`2VX hQ b?Qr i?Bb TQBMi- 6B;m`2 "j /BbTHvb i?2
`2bTQMb2 Q7 yt r?2M UBV xt Bb BM+Hm/2/ b M 2M/Q;2MQmb p`B#H2 BM i?2 o_- Q` UBBV r?2M
2biBKiBM;  `2;`2bbBQM Q7 yt QM xt M/  H; Q7 #Qi? p`B#H2bX b Bi +M #2 b22M- +QMbB/2`BM;
xt b M 2tQ;2MQmb `2;`2bbQ` Hrvb /2HBp2`b i?2 bK2 /vMKB+ `2bTQMb2b b B7 xt r2`2 b2`BHHv
mM+Q``2Hi2/- `2;`/H2bb Q7 i?2 +imH pHm2 Q7 γX
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6B;m`2 "j, _2bTQMb2b r?2M i?2 b?Q+F Bb BM+Hm/2/ b M 2M/Q;2MQmb Q` 2tQ;2MQmb p`B#H2 BM
 o_








VAR  = 0
VAR  = 0.2
VAR-X  = 0
VAR-X  = 0.2
h?2 };m`2 b?Qrb i?2 o_ `2bTQMb2b Q7 yt iQ εxt 2biBKi2/ 7`QK U"XeV mM/2` /Bz2`2Mi bbmKTiBQMb Q7 i?2
T2`bBbi2M+2 T`K2i2` γ M/ irQ /Bz2`2Mi bT2+B}+iBQMb, bQHB/ HBM2b /BbTHv i?2 `2bTQMb2b r?2M i?2 b?Q+F Bb
BM+Hm/2/ b M 2M/Q;2MQmb p`B#H2 BM i?2 o_ M/ /b?2/ HBM2 b?Qrb i?2 `2bTQMb2b r?2M i?2 bK2 b?Q+F Bb
BM+Hm/2/ b M 2tQ;2MQmb p`B#H2 BM i?2 o_X
6B;m`2 "k, _2bTQMb2b BM  o_ iQ εxt
SM2H V _2bTQMb2 Q7 yt iQ εxt SM2H "V _2bTQMb2 Q7 xt iQ εxt








LP  = 0
LP  = 0.2
VAR  = 0
VAR  = 0.2












VAR  = 0
VAR  = 0.2
h?2 };m`2 b?Qrb i?2 o_ `2bTQMb2b Q7 yt USM2H V M/ xt USM2H "V iQ εxt 2biBKi2/ 7`QK U"XeV- mM/2`
/Bz2`2Mi bbmKTiBQMb Q7 i?2 T2`bBbi2M+2 T`K2i2` γ, /b?2/ Q`M;2 HBM2b 7Q` `2bTQMb2b r?2M i?2`2 Bb MQ
T2`bBbi2M+2 Uγ = 0V M/ /b?2/ ;`22M HBM2b 7Q` `2bTQMb2b r?2M i?2`2 Bb T2`bBbi2M+2 Uγ = 0.2VX 6Q` `272`2M+2-
SM2H  HbQ /BbTHvb `2bTQMb2b 7`QK i?2 bK2 .:S 2biBKi2/ mbBM; GSb 7Q` i?2 +b2b Q7 γ = 0 UbQHB/ #Hm2
HBM2V M/ γ = 0.2 UbQHB/ `2/ HBM2VX
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q?2M +QKTmiBM; i?2 /vMKB+ `2bTQMb2 rBi? biM/`/ GSb UBX2X rBi?Qmi BM+Hm/BM; Mv
H2/V- i?2 2biBKi2b /Bp2`;2 7`QK i?2 2tT2+i2/ `2bTQMb2 r?2M i?2 b?Q+F ?b MQ T2`bBbi2M+2
U/BbiM+2 #2ir22M `2/ M/ /`F #Hm2 HBM2b BM 6B;m`2 "9VX //BM; QM2 H2/ BKT`Qp2b i?2 2biB@
Ki2b- #`BM;BM; i?2 BKTmHb2@`2bTQMb2 BMiQ HBM2 rBi? i?2 i?2Q`2iB+H `2bTQMb2 BM i?2 }`bi T2`BQ/
"Xj Hi2`MiBp2 bBKmHiBQM, mbBM; i?2 T2`bBbi2M+2 7`QK M +imH
b?Q+F
AM i?Bb bm#b2+iBQM r2 +QKTmi2 i?2 BKTmHb2 `2bTQMb2 Q7  bBKmHi2/ p`B#H2 yt iQ  b?Q+F xt
rBi? i?2 7QHHQrBM; .:S,
yt = ρyt−1 +B0xt +B1xt−1 + ut, U"XdV
r?2`2 xt Bb i?2 +imH ;Qp2`MK2Mi bT2M/BM; b?Q+F 7`QK _K2v M/ wm#B`v UkyR3V b b?QrM
BM SM2H . Q7 6B;m`2 .kX ut Bb  `M/QK p`B#H2 7QHHQrBM; ut ∼ N (0, 1)X q2 b2i ρ = 0.9-
B0 = 1.5- M/ B0 = 1X
1[miBQM U"XdV Bb bBKmHi2/ 7Q` 497 T2`BQ/b Ui?2 H2M;i? Q7 _K2v M/ wm#B`v UkyR3VǶb
b?Q+FV- M/ r2 i?2M +QKTmi2 i?2 `2H2pMi A_6bX q2 `2T2i i?Bb T`Q+2bb Ry-yyy iBK2b- M/
+QKTmi2 i?2 p2`;2 BKTmHb2 `2bTQMb2b +`Qbb HH `2T2iBiBQMbX h?2 `2bmHib `2 b?QrM BM
6B;m`2 "9X
6B;m`2 "9, aBKmHi2/ `2bTQMb2b mbBM; GSb rBi? T2`bBbi2M+2 7`QK M +imH b?Q+F










LP - 0 forwards
LP - 1 forward
LP - 20 forwards
h?Bb };m`2 b?Qrb i?2 `2bTQMb2 Q7  bBKmHi2/ Qmi+QK2 p`B#H2 iQ i?2 ;Qp2`MK2Mi bT2M/BM; b?Q+F 7`QK
_K2v M/ wm#B`v UkyR3VX h?2 /`F #Hm2 HBM2 Bb i?2 i?2Q`2iB+H BKTmHb2@`2bTQMb2 iQ  b?Q+F i?i b?Qrb
MQ T2`bBbi2M+2X h?2 `2/ HBM2 b?Qrb i?2 GSb 2biBKiBQM Q7 i?2 BKTmHb2@`2bTQMb2 iQ i?2 _K2v M/ wm#B`v
UkyR3V rBi?Qmi BM+Hm/BM; Mv H2/X :`22M HBM2 `2T2ib i?2 bK2 2biBKiBQM //BM; QM2 H2/X .b?2/ ;`2v
HBM2 b?Qrb i?2 `2bTQMb2 r?2M BM+Hm/BM; ky H2/bX
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U;`22M HBM2VX h?2 ++m`+v Q7 i?2 BKTmHb2@`2bTQMb2 +QMp2`;2b iQ i?2 i?2Q`2iB+H `2bTQMb2 r?2M
KQ`2 H2/b `2 BM+Hm/2/X q?2M r2 BM+Hm/2 b KMv H2/b b T2`BQ/b BM i?2 `2bTQMb2 ?Q`BxQM
UkyV- i?2 /vMKB+ `2bTQMb2 2biBKi2/ 7`QK GSb mbBM; i?2 +imH b?Q+F UrBi? T2`bBbi2M+2V Bb
2[mBpH2Mi iQ i?2 `2bTQMb2 iQ  MQM@b2`BHHv +Q``2Hi2/ b?Q+F U/b?2/ ;`2v HBM2VX
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Rh?2 /2;`22 Q7 T2`bBbi2M+2 Bb ?B;?2` r?2M mbBM; i?2 mT/i2/ b2`B2b T`Q/m+2/ #v *QB#BQM UkyRkVX
kh?Bb bbmKTiBQM BKTHB2b i?i i?2 KQM2i`v b?Q+F /Q2b MQi z2+i K+`Q2+QMQKB+ p`B#H2b Ubm+? b
QmiTmi- T`B+2b- 2KTHQvK2MiXXXV +QMi2KTQ`M2QmbHv- M/ KQM2i`v p`B#H2b U2X;X KQM2v biQ+F- `2b2`p2bXXXV
r?2`2 yt Bb 2Bi?2` i?2 72/2`H 7mM/b `i2b- i?2 HQ; Q7 BM/mbi`BH T`Q/m+iBQM- i?2 HQ; Q7 +QMbmK2`
T`B+2 BM/2t- i?2 mM2KTHQvK2Mi `i2- Q` i?2 HQ; Q7  +QKKQ/Biv T`B+2 BM/2t- M/ shockt Bb
i?2 Q`B;BMH _QK2` M/ _QK2` Ukyy9V K2bm`2 Q7 KQM2i`v TQHB+v b?Q+FbX h?2 `2;`2bbBQMb
BM+Hm/2  b2i Q7 +QMi`QHb xt- rBi? irQ H;b M/ i?2 +QMi2KTQ`M2Qmb pHm2b Q7 HH /2T2M/2Mi
p`B#H2b- M/ irQ H;b Q7 i?2 b?Q+FX "v BM+Hm/BM; i?2 +QMi2KTQ`M2Qmb pHm2b Q7 i?2 i?2
/2T2M/2Mi p`B#H2b- r2 `2 BKTH2K2MiBM; i?2 `2+m`bBp2M2bb bbmKTiBQM Q7i2M mb2/ BM o_b
iQ B/2MiB7v KQM2i`v TQHB+v b?Q+FbXk
/Q MQi z2+i i?2 72/2`H 7mM/b `i2b rBi?BM  KQMi?X a22 *?`BbiBMQ 2i HX URNNNV 7Q` 7m`i?2` /2iBHbX Gi2`
QM- r2 b?Qr 2biBKi2b i?i `2Ht i?Bb bbmKTiBQM U6B;m`2 *kVX
* //BiBQMH 2KTB`B+H TTHB+iBQMb, h?2 2z2+ib Q7 KQM@
2i`v TQHB+v
AM i?Bb TT2M/Bt r2 2tTHQ`2 ?Qr i?2 T2`bBbi2M+2 7QmM/ BM bQK2 K2bm`2b Q7 KQM2i`v TQHB+v
b?Q+Fb +M z2+i i?2 /vMKB+ `2bTQMb2b 2biBKi2b mbBM; GSbX
*XR _QK2` M/ _QK2` Ukyy9V
q2 }`bi +QMbB/2` i?2 K2bm`2 Q7 KQM2i`v TQHB+v b?Q+Fb T`Q/m+2/ #v _QK2` M/ _QK2`
Ukyy9VX h?2 mi?Q`b B/2MiB7v 2tQ;2MQmb KQM2i`v TQHB+v +?M;2b 7QHHQrBM;  i?`22@bi2T T`Q@
+2/m`2X 6B`bi- i?2v 7QHHQr M``iBp2 K2i?Q/b iQ B/2MiB7v i?2 62/2`H _2b2`p2Ƕb BMi2MiBQMb 7Q`
i?2 72/2`H 7mM/b `i2 `QmM/ 6PJ* K22iBM;bX a2+QM/- i?2v `2;`2bb i?2 `2bmHiBM; K2bm`2
QM i?2 62/2`H _2b2`p2Ƕb BMi2`MH 7Q`2+bib U:`22M#QQFV iQ ++QmMi 7Q` HH `2H2pMi BM7Q`K@
iBQM mb2/ #v i?2 62/X GbiHv- i?2 b2`B2b Bb ;;`2;i2/ 7`QK 6PJ* 7`2[m2M+v iQ KQMi?Hv
7`2[m2M+vX
b b?QrM BM h#H2 R- i?2 `2bmHiBM; K2bm`2 /BbTHvb bQK2 /2;`22 Q7 T2`bBbi2M+2XR AMi2`@
2biBM;Hv- i?2 +Q``2HQ;`K Q7 i?2 b2`B2b b22Kb iQ b?Qr  Tii2`M +QMbBbi2Mi rBi? M2;iBp2 Ub22
SM2H 1 BM 6B;m`2 .RVX h?Bb BKTHB2b i?i biM/`/ GSb i?i /Q MQi ++QmMi 7Q` BM i?2 b?Q+F
b?QmH/ mM/2`2biBKi2 i?2 /vMKB+ 2z2+ibX
_QK2` M/ _QK2` Ukyy9V 2biBKi2 i?2 `2bTQMb2 Q7 QmiTmi iQ i?2 KQM2i`v TQHB+v b?Q+F
mbBM;  H;@/Bbi`B#mi2/ `2;`2bbBQM Q7 i?2 HQ; Q7 BM/mbi`BH QmiTmi M/ i?2 K2bm`2 Q7 KQM2i`v
TQHB+v b?Q+FbX >2`2- r2 /Ti i?2 2biBKiBQM iQ  GSb b2iiBM; 7QHHQrBM; i?2 2t+i /i M/
bT2+B}+iBQM 7`QK _K2v UkyReV U/Ti2/ BM im`M 7`QK *QB#BQM UkyRkVV 7Q` i?2 Q`B;BMH
bKTH2 Q7 RNeNKj@RNNeKRkV,
yt+h = βh,0shockt + θh(L)xt + βh,f
h∑
f=1
shockt+f + ξt+h, U*XRV
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6B;m`2 *R, _2bTQMb2b iQ KQM2i`v TQHB+v b?Q+F 7`QK _QK2` M/ _QK2` Ukyy9V- rBi? M/
rBi?Qmi H2/b




















































"H+F bQHB/ HBM2b `272` iQ  #2M+?K`F bT2+B}+iBQM i?i T`2b2`p2b i?2 `2+m`bBp2 bbmKTiBQM M/ /Q2b MQi
BM+Hm/2 H2/b Q7 i?2 b?Q+FX :`2v `2b b?Qr NyW L2r2v@q2bi +QM}/2M+2 BMi2`pHbX _2/ bQHB/ HBM2b BM+Hm/2 h
H2/b Q7 i?2 KQM2i`v b?Q+FbX
h?2 `2bmHib Q7 2biBKiBM; 2[miBQM U*XRV r?2M r2 b2i βh,f = 0 ∀h, f `2 b?QrM BM bQHB/
#H+F HBM2b UrBi? NyW +QM}/2M+2 #M/bV BM 6B;m`2 *RX aBM+2 r2 2KTHQv i?2 bK2 /i
M/ bT2+B}+iBQM- i?2v `2THB+i2 i?2 `2bmHib 7`QK _K2v UkyReV U6B;m`2 k"VX _K2v UkyReV
`;m2b i?i i?2 `2bTQMb2b mbBM; GSb b?Qr KQ`2 THmbB#H2 /vMKB+b i?M i?Qb2 Q#iBM2/ 7`QK
 biM/`/ o_ U T2`bBbi2Mi 7HH BM BM/mbi`BH QmiTmi M/  `Bb2 BM mM2KTHQvK2Mi i?i
bHQrHv +QMp2`;2 iQ yVX h?2 /`QT BM QmiTmi 7i2`  KQM2i`v b?Q+F Bb #`Q/Hv +QMbBbi2Mi rBi?
i?2 Q`B;BMH `2bmHib 7`QK _QK2` M/ _QK2` Ukyy9V #mi i?2`2 `2- ?Qr2p2`- irQ BKTQ`iMi
/Bz2`2M+2bX 6B`bi- i?2 i`Qm;? BM i?2 `2bTQMb2 Q7 QmiTmi Bb `2+?2/ 7i2` irQ v2`bX AM i?2
2biBKi2b Q7 6B;m`2 *R M/ _K2v UkyReV- i?2 i`Qm;? Bb `2+?2/ 7i2`  }`bi v2` M/ Hbib 7Q`
#Qmi ir2Hp2 KQMi?b rBi?  bHB;?i `2#QmM/ BM #2ir22MX a2+QM/- Hi?Qm;? #Qi? `2bmHib `272` iQ
i?2 bK2 BKTmHb2 U `2HBxiBQM Q7 i?2 TQHB+v K2bm`2 Q7 QM2 T2`+2Mi;2 TQBMiV- i?2 K;MBim/2
Q7 i?2 QmiTmi 7HH BM i?2 Q`B;BMH 2biBKi2b Q7 _QK2` M/ _QK2` Ukyy9V Bb bm#biMiBHHv #B;;2`
i?M r?2M mbBM; GSb U@9Xj pb @RXdVX
L2ti- r2 BMp2biB;i2 r?2i?2` ++QmMiBM; 7Q` i?2 T2`bBbi2M+2 BM i?2 b?Q+F ?b M 2z2+i QM
i?2 /vMKB+ `2bTQMb2bX q2 `2@2biBKi2 2[miBQM U*XRV- #mi HHQrBM; βh,f = 0X h?2 `2bmHib
`2 b?QrM BM `2/ HBM2b BM 6B;m`2 *RX q2 Q#b2`p2 i?i i?2 /vMKB+b Q7 QmiTmi `2 +HQb2` iQ
i?2 Q`B;BMH 2biBKi2b Q7 _QK2` M/ _QK2` Ukyy9V,  +QMiBMmQmb /`QT BM QmiTmi i?i `2+?2b
i?2 i`Qm;? 7i2` i?2 b2+QM/ v2`X 6m`i?2`KQ`2- i?2 K;MBim/2 Q7 i?2 7HH Bb MQr bm#biMiBHHv
?B;?2` U@jXRV M/ +HQb2` iQ i?2 `2bmHib 7`QK _QK2` M/ _QK2` Ukyy9VX MQi?2` MQiB+2#H2
/Bz2`2M+2 Bb i?i i?2 2z2+ib QM mM2KTHQvK2Mi M/ i?2 BMBiBH TQbBiBp2 `2+iBQM QM T`B+2b Ui?2
bQ@+HH2/ T`B+2 TmxxH2V `2 MQr H`;2`X HH BM HH- i?2 `2bmHib 7`QK 6B;m`2 *R bm;;2bi i?i
BANCO DE ESPAÑA 50 DOCUMENTO DE TRABAJO N.º 1944
++QmMiBM; 7Q` i?2 T2`bBbi2M+2 Q7 i?2 KQM2i`v TQHB+v b?Q+F +M H2/ iQ H`;2` 2biBKi2b Q7
i?2 /vMKB+ `2bTQMb2bX
_K2v UkyReV HbQ BMp2biB;i2b i?2 `QH2 Q7 i?2 `2+m`bBp2M2bb bbmKTiBQM BM i?2 /vMKB+
`2bTQMb2b Ui?2 BM+HmbBQM Q7 +QMi2KTQ`M2Qmb pHm2b 7Q` bQK2 p`B#H2b BM i?2 GSb 2biBKiBQM
iQ `2THB+i2 i?2 B/2MiB}+iBQM BM  o_VX a?2 }M/b i?i `2HtBM; i?Bb bbmKTiBQM `2bmHib BM
r2B`/ /vMKB+b Q7 mM2KTHQvK2Mi BM i?2 b?Q`i `mMX q2 `2THB+i2 i?2b2 `2bmHib #v /`QTTBM;
i?2 +QMi2KTQ`M2Qmb pHm2b BM xt BM 2[miBQM U*XRV M/ b2iiBM; βh,f = 0X q2 BM/22/ }M/ i?i
mM2KTHQvK2Mi `i2 bB;MB}+MiHv /`QTb BM i?2 }`bi KQMi?b 7i2`  KQM2i`v TQHB+v +QMi`+iBQM
U#H+F bQHB/ HBM2b BM 6B;m`2 *kVX q2 BMp2biB;i2 r?2i?2` i?2b2 bi`M;2 /vMKB+b Kv #2 i?2
`2bmHi Q7 i?2 T2`bBbi2M+2 BM i?2 KQM2i`v TQHB+v b?Q+FX q2 2biBKi2 ;BM 2[miBQM U*XRV
`2HtBM; #Qi? i?2 `2+m`bBp2M2bb bbmKTiBQM M/ HHQrBM; βh,f = 0X h?2 `2bmHib U`2/ bQHB/
HBM2b BM 6B;m`2 *kV `2 p2`v bBKBH` iQ i?Qb2 7`QK 6B;m`2 *RX AMi2`2biBM;Hv- mM2KTHQvK2Mi
`2bTQM/b TQbBiBp2Hv iQ i?2 KQM2i`v TQHB+v +QMi`+iBQMX
6B;m`2 *k, _2bTQMb2b iQ KQM2i`v TQHB+v b?Q+F 7`QK _QK2` M/ _QK2` Ukyy9V rBi? MQ
`2+m`bBp2 bbmKTiBQM- rBi? M/ rBi?Qmi H2/b






















































"H+F bQHB/ HBM2b `272` iQ  #2M+?K`F bT2+B}+iBQM i?i `2Ht2b i?2 `2+m`bBp2 bbmKTiBQM M/ /Q2b MQi BM+Hm/2
H2/b Q7 i?2 b?Q+FX :`2v `2b b?Qr NyW L2r2v@q2bi +QM}/2M+2 BMi2`pHbX _2/ bQHB/ HBM2b BM+Hm/2 h H2/b Q7
i?2 KQM2i`v b?Q+FbX
*Xk :2`iH2` M/ E`/B UkyR8V
AM i?Bb bm#b2+iBQM r2 2tTHQ`2 MQi?2` TTHB+iBQM Q7 i?2 2z2+ib Q7 KQM2i`v TQHB+v b?Q+Fb
#b2/ QM :2`iH2` M/ E`/B UkyR8VX h?2 mi?Q`b B/2MiB7v 2tQ;2MQmb +?M;2b BM KQM2i`v
TQHB+v #v HQQFBM; i p`BiBQMb BM i?2 j@KQMi?@?2/ 7mim`2b Q7 i?2 72/2`H 7mM/b rBi?BM 
jy@KBMmi2 rBM/Qr Q7  6PJ* MMQmM+2K2MiXj "v `2HvBM; QM i?Bb B/2MiB}+iBQM b+?2K2-
jh?Bb b+?2K2 Bb Q7i2M /2MQi2/ b >B;?@6`2[m2M+v A/2MiB}+iBQM U>6AVX a22 _K2v UkyReV 7Q`  +QKT`BbQM
rBi? Qi?2` B/2MiB}+iBQM T`Q+2/m`2bX
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9AM T`iB+mH`- :2`iH2` M/ E`/B UkyR8V +mKmHi2 i?2 bm`T`Bb2b QM Mv 6PJ* /vb /m`BM; i?2 Hbi
jR /vb- 2z2+iBp2Hv BMi`Q/m+BM;  }`bi@Q`/2` KQpBM;@p2`;2 bi`m+im`2X h?Bb Bb  p`BiBQM Q7 i?2 T`Q+2/m`2
7QHHQr2/ #v _QK2` M/ _QK2` Ukyy9V M/ i?i HbQ `2bmHib BM  K2bm`2 Q7 KQM2i`v TQHB+v b?Q+Fb i?i
/BbTHvb T2`bBbi2M+2X
`i?2` i?M QM biM/`/ iBKBM; bbmKTiBQMb U2X;X *?`BbiBMQ 2i HX URNNNVV- i?2 mi?Q`b `2
#H2 iQ 2tTHQ`2 i?2 2z2+ib QM K2bm`2b Q7 }MM+BH K`F2i 7`B+iBQMb Q` Qi?2` p`B#H2b i?i
`2 Q7i2M bbmK2/ iQ #2 +QMi2KTQ`M2QmbHv BMp`BMi iQ  KQM2i`v TQHB+v b?Q+FX
b b?QrM BM h#H2 R- i?Bb K2bm`2 Q7 KQM2i`v TQHB+v b?Q+F /BbTHvb bQK2 T2`bBbi2M+2X
h?Bb rb }`bi MQi2/ #v _K2v UkyReV- r?Q ?B;?HB;?ib i?i i?2 T`Q+2/m`2 7QHHQr2/ #v :2`iH2`
M/ E`/B UkyR8V iQ +QMp2`i 6PJ* b?Q+Fb U2tT`2bb2/ i 6PJ* 7`2[m2M+vV iQ KQMi?Hv
7`2[m2M+v BMi`Q/m+2b i?BbX9
:2`iH2` M/ E`/B UkyR8V 2K#2//2/ i?2 B/2MiB}2/ KQM2i`v TQHB+v b?Q+Fb BM  o_-
mbBM; i?2 K2bm`2 Q7 KQM2i`v TQHB+v bm`T`Bb2b b M BMbi`mK2Mi Q7 i?2 `2bB/mHb BM i?2 o_X
>2`2 r2 2tTHQ`2 r?i +QMb2[m2M+2b i?2 T2bBbi2M+2 Q7 i?2 b?Q+F KB;?i ?p2 B7 i?2 `2b2`+?2`
r2`2 iQ mb2 GSbX
hQ /Q bQ- r2 BKTH2K2Mi i?2 7QHHQrBM; bT2+B}+iBQM- bm;;2bi2/ #v _K2v UkyReV,
yt+h = βh,0shockt + θh(L)xt + βh,f
min{h,12}∑
f=1
shockt+f + ξt+h, U*XkV
r?2`2 yt Bb 2Bi?2` i?2 R@v2` ;Qp2`MK2Mi #QM/ `i2- i?2 HQ; Q7 BM/mbi`BH T`Q/m+iBQM- i?2 2t+2bb
#QM/ T`2KBmK bT`2/ 7`QK :BH+?`Bbi M/ wF`DȒ2F UkyRkV- Q` i?2 HQ; Q7 +QMbmK2` T`B+2 BM/2t-
M/ shockt Bb i?2 K2bm`2 Q7 KQM2i`v TQHB+v b?Q+Fb 7`QK :2`iH2` M/ E`/B UkyR8VX h?2
`2;`2bbBQMb HbQ BM+Hm/2  b2i Q7 +QMi`QHb xt- rBi? irQ H;b M/ i?2 +QMi2KTQ`M2Qmb pHm2b
Q7 HH /2T2M/2Mi p`B#H2b- M/ irQ H;b Q7 i?2 b?Q+FX8 6QHHQrBM; _K2v UkyReV- r2 2biBKi2
2[miBQM U*XkV 7Q`  bKTH2 Q7 RNNR,KR@kyRkKeXe :Bp2M i?Bb `2/m+2/ bKTH2- r2 HBKBi i?2
MmK#2` Q7 H2/b BMi`Q/m+2/ BM i?2 2biBKiBQM iQ  KtBKmK Q7 Rk UBX2X r2 mb2 h H2/b 7Q`
h < 12 M/ 12 H2/b 7Q` HQM;2` ?Q`BxQMbVXd
h?2 `2bmHib Q7 i?2b2 2biBKiBQMb `2 b?QrM BM 6B;m`2 *j 7Q` irQ +b2b, b2iiBM; βh,f = 0
∀h, f U#H+F bQHB/ HBM2b rBi? e3 M/ NyW +QM}/2M+2 BMi2`pHbV M/ HHQrBM; βh,f = 0 U`2/
HBM2bVX "2M+?K`F 2biBKiBQMb i?i /Q MQi ++QmMi 7Q` T2`bBbi2M+2 `2T`Q/m+2 i?2 `2bmHib
7`QK _K2v UkyReV U6B;m`2 j"VX a?2 MQi2b i?i GSb mbBM; /B`2+iHv i?2 :2`iH2` M/ E`/B
UkyR8V BMbi`mK2Mi b M 2tTHMiQ`v p`B#H2 ;Bp2 `Bb2 iQ TmxxHBM; `2bmHib- MK2Hv,  bHm;;Bb?
`2bTQMb2 Q7 i?2 TQHB+v `i2- QmiTmi BM+`2b2b 7i2` i?2 KQM2i`v 2tTMbBQM- M/ i?2 +`2/Bi
8LQi2 i?i r?BH2 i?2 BM+HmbBQM Q7 H;b Q7 i?2 b?Q+Fb `2 K2Mi iQ ++QmMi 7Q` BM i?2 b?Q+F- Qm` MHvbBb
7`QK a2+iBQM j b?Qrb i?i i?2v `2 MQi 2z2+iBp2 7Q` i?Bb `QH2X AM Qm` `2bmHib- i?2 BM+HmbBQM Q7 H;b Q7 i?2 b?Q+F
/B/ MQi ?p2 Mv MQiB+2#H2 2z2+iX q2 F22T i?2K ?2`2 BM Q`/2` iQ `2THB+i2 i?2 `2bmHib 7`QK _K2v UkyReVX
e:2`iH2` M/ E`/B UkyR8V T`Q+22/ BM irQ bi2Tb, i?2v }`bi 2biBKi2 i?2 /vMKB+ +Q2{+B2Mib M/ `2bB/mHb
7`QK  o_ /m`BM; i?2 T2`BQ/ RNdN@kyRkX h?2M i?2v 2biBKi2 i?2 +QMi2KTQ`M2Qmb 2z2+ib Q7 KQM2i`v TQHB+v
mbBM; #Qi? i?2 `2bB/mHb 7`QK i?2 T`2pBQmb bi2T M/ i?2 KQM2i`v TQHB+v BMbi`mK2Mi BM  T`Qtv o_ /m`BM;
RNNR@kyRkX
dq2 HbQ T`2b2`p2 i?2 bKTH2 i i?2 2M/ Q7 i?2 T2`BQ/ mMiBH kyRkKye Ur?B+? rBHH #2 Qi?2`rBb2 `2/m+2/
r?2M BM+Hm/BM; H2/bV #v +QMbB/2`BM; pHm2b Q7 i?2 H2/b Q7 i?2 b?Q+F 2[mH iQ y 7Q` i?2 Hbi Rk T2`BQ/bX
Hi?Qm;? i?Bb Bb MQi BKTQ`iMi 7Q` Qm` `2bmHib- Bi HHQrb mb iQ +QKT`2 Qm` 2biBKi2b iQ i?Qb2 7`QK _K2v
UkyReVX
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bT`2/ M/ T`B+2b /Q MQi b?Qr bB;MB}+Mi /vMKB+b /m`BM; KQbi Q7 i?2 `2bTQMb2 ?Q`BxQMX
_K2v UkyReV bm;;2bib i?i i?2 T2`bBbi2M+2 2t?B#Bi2/ #v :2`iH2` M/ E`/B UkyR8V M/
TQi2MiBH T`2/B+i#BHBiv Q7 i?2 b2`B2b +QmH/ #2 bQm`+2b Q7 +QM+2`MX q?2M r2 BM+Q`TQ`i2 H2/b
Q7 i?2 b?Q+F BM i?2 2biBKiBQM Q7 2[miBQM U*XkV U`2/ HBM2b BM 6B;m`2 *jV r2 b22 i?i #Qi? i?2
`2bTQMb2 Q7 i?2 ;Qp2`MK2Mi #QM/ `i2 M/ BM/mbi`BH T`Q/m+iBQM b22K iQ #2 Qp2`2biBKi2/
r?2M T2`bBbi2M+2 Bb MQi ++QmMi2/ 7Q` U#v +QMi`bi- i?2 `2bmHib /Q MQi +?M;2 Km+? 7Q` i?2
3Hi2`MiBp2Hv- _K2v UkyReV +QM+Hm/2b i?i i?2b2 /Bz2`2M+2b Kv #2 /m2 iQ i?2 7+i i?i i?2 `2/m+2/@7Q`K
T`K2i2`b Umb2/ iQ +QMbi`m+i i?2 BKTmHb2 `2bTQMb2bV `2 2biBKi2/ 7Q`  HQM;2` bKTH2 URNdy@kyRk BMbi2/
Q7 RNNR@kyRkV Q` iQ TQi2MiBH KBbbT2+B}+iBQM Q7 i?2 Q`B;BMH o_ 2biBKi2b /m2 iQ i?2 `BbBM; BKTQ`iM+2 Q7
7Q`r`/ ;mB/M+2- r?B+? Kv H2/ iQ  T`Q#H2K Q7 MQM@7mM/K2MiHM2bb BM i?2 o_X
2t+2bb #QM/ T`2KBmK M/ T`B+2bVX3
6B;m`2 *j, _2bTQMb2b iQ KQM2i`v TQHB+v b?Q+F 7`QK :2`iH2` M/ E`/B UkyR8V- rBi? M/
rBi?Qmi H2/b




















































"H+F bQHB/ HBM2b `272` iQ  #2M+?K`F bT2+B}+iBQM i?i /Q2b MQi BM+Hm/2 H2/b Q7 i?2 b?Q+FX :`2v `2b b?Qr
e3 M/ NyW L2r2v@q2bi +QM}/2M+2 BMi2`pHbX _2/ bQHB/ HBM2b BM+Hm/2 h H2/b Q7 i?2 KQM2i`v b?Q+Fb mT iQ
?Q`BxQM h = 12- 7i2` i?2M- i?2 MmK#2` Q7 H2/b Bb F2Ti iQ 12X
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. //BiBQMH h#H2b M/ 6B;m`2b
h#H2 .XR, _Q#mbiM2bb, /Bz2`2Mi H; bi`m+im`2b 7Q` i2bib
8 H;b Ry H;b ky H;b 9y H;b ey H;b
`2xFB 2i HX UkyRdV Rd8XN99 Rd8XN8j RdeXy9N RddXNyj RddXNyd
UyXyyyV UyXyyyV UyXyyyV UyXyyyV UyXyyyV
*HQvM2 UkyRjV RRXje8 kRX8kR 9yXy9R N3Xd8R RkyXkdy
UyXy98V UyXyR3V UyXyy8V UyXyyyV UyXyyyV
*HQvM2 M/ >Ƀ`i;2M UkyReV RdXdkj kyXddR 9dXj8d 39X9kk RyjXyyR
UyXyyjV UyXykjV UyXyyRV UyXyyyV UyXyyRV
:2`iH2` M/ E`/B UkyR8V 8jX3yk 39Xk39 RyeXRjj Rk9X8e3 RjRXyjy
UyXyyyV UyXyyyV UyXyyyV UyXyyyV UyXyyyV
:mD`/Q 2i HX UkyR9V ReyXd9y RdjXjR8 R3kX3ee R38X3Ry R38X3Ry
UyXyyyV UyXyyyV UyXyyyV UyXyyyV UyXyyyV
_K2v M/ wm#B`v UkyR3V dNXkN3 3NXNRe Ry9X9R9 R3kXN8y RNyXNd9
UyXyyyV UyXyyyV UyXyyyV UyXyyyV UyXyyyV
_QK2` M/ _QK2` Ukyy9V R8X8je kjXNe8 9jX3k9 8jXd83 e9X8de
UyXyy3V UyXyy3V UyXyykV UyXydkV UyXjkyV
_QK2` M/ _QK2` UkyRyV RX8d3 jXy3y eX8ek RNXykj k9Xd3j
UyXNy9V UyXN3yV UyXNN3V UyXNN3V URXyyyV
h?2 +QHmKMb `2TQ`i i?2 pHm2b Q7  "Qt M/ SB2`+2 URNdyV i2bi UrBi? GDmM; M/ "Qt URNd3V +Q``2+iBQMV
BM+Hm/BM; /Bz2`2Mi H;bX S@pHm2b `2 b?QrM BM #`+F2ibX BM `2xFB 2i HX UkyRdV M/ :mD`/Q 2i HX UkyR9V
Bb i2bi2/ mbBM;  ;2M2`HBx2/ p2`bBQM Q7 i?2 miQ+Q``2HiBQM i2bi T`QTQb2/ #v `2HHMQ M/ "QM/ URNNRV i?i
bT2+B}2b i?2 MmHH ?vTQi?2bBb Q7 MQ miQ+Q``2HiBQM i  ;Bp2M H; Q`/2`X
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6B;m`2 .R, miQ+Q``2HQ;`Kb
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Lag
N8W +QM}/2M+2 BMi2`pHb +QKTmi2/ mbBM; "`iH2iiǶb 7Q`KmH 7Q` JU[V T`Q+2bb2bX
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6B;m`2 .k, hBK2 b2`B2b Q7 b?Q+Fb
SM2H , *HQvM2 UkyRjV SM2H ", *HQvM2 M/ >Ƀ`i;2M UkyReV































SM2H *, :2`iH2` M/ E`/B UkyR8V SM2H ., _K2v M/ wm#B`v UkyR3V




























SM2H 1, _QK2` M/ _QK2` Ukyy9V SM2H 6, _QK2` M/ _QK2` UkyRyV
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6B;m`2 .j, PmiTmi M/ ;Qp2`MK2Mi bT2M/BM; `2bTQMb2b- rBi? M/ rBi?Qmi H2/b






















"H+F HBM2b b?Qr i?2 `2bmHib Q7 2biBKiBM; i?2 bvbi2K URdV rBi?Qmi BM+Hm/BM; Mv H2/ Ub BM _K2v M/
wm#B`v UkyR3VVX :`2v `2b `2T`2b2Mi e3 M/ N8W L2r2v@q2bi +QM}/2M+2 BMi2`pHb 7Q` i?2b2 2biBKi2bX _2/
bQHB/ HBM2b `2T`2b2Mi i?2 `2bmHib Q7 2biBKiBQMb r?2M BM+Hm/BM; h H2/b Q7 i?2 _K2v M/ wm#B`v UkyR3V M2rb
p`B#H2 UrBi? N8W L2r2v@q2bi +QM}/2M+2 BMi2`pHbVX
6B;m`2 .9, :Qp2`MK2Mi bT2M/BM; KmHiBTHB2`- rBi? M/ rBi?Qmi H2/b























"H+F HBM2b b?Qr i?2 +mKmHiBp2 KmHiBTHB2` rBi?Qmi BM+Hm/BM; Mv H2/X _2/ bQHB/ HBM2b `2T`2b2Mi i?2 2biBKi2b
Q7 i?2 +mKmHiBp2 KmHiBTHB2` r?2M BM+Hm/BM;  MmK#2` Q7 H2/b Q7 i?2 _K2v M/ wm#B`v UkyR3VV M2rb p`B#H2
i?i BM+`2b2 rBi? i?2 `2bTQMb2 ?Q`BxQMX
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6B;m`2 .8, :Qp2`MK2Mi bT2M/BM; KmHiBTHB2` /m`BM; 2tTMbBQMb M/ `2+2bbBQMb- rBi? M/
rBi?Qmi H2/b























EXP, with leads (fixed state)
REC, no leads
REC, with leads
REC, with leads (fixed state)
h?2 #H+F bQHB/ M/ /b?2/ HBM2b b?Qr i?2 +mKmHiBp2 KmHiBTHB2` /m`BM; T2`BQ/b Q7 2tTMbBQM M/ `2+2bbBQM-
`2bT2+iBp2Hv- rBi?Qmi BM+Hm/BM; Mv H2/ Ub BM _K2v M/ wm#B`v UkyR3VVX h?2 `2/ bQHB/ M/ /b?2/ HBM2b
b?Qr i?2 +mKmHiBp2 KmHiBTHB2` /m`BM; T2`BQ/b Q7 2tTMbBQM M/ `2+2bbBQM- `2bT2+iBp2Hv- r?2M BM+Hm/BM; H2/b
Q7 i?2 b?Q+Fb M/ i?2 bii2X :`22M bQHB/ M/ /b?2/ HBM2b `272` iQ 2biBKi2b Q7 i?2 2tTMbBQM M/ `2+2bbBQM
KmHiBTHB2`b- `2bT2+iBp2Hv- r?2M BM+Hm/BM; H2/b Q7 i?2 b?Q+F M/ i?2 `2;BK2X
6B;m`2 .e, S`Bpi2 +QMbmKTiBQM `2bTQMb2 iQ  }b+H +QMbQHB/iBQM b?Q+F- rBi? M/ rBi?Qmi
H2/b

















"H+F HBM2b b?Qr i?2 `2bmHib 7`QK 2[miBQM UkyV rBi? T`Bpi2 +QMbmKTiBQM b /2T2M/2Mi p`B#H2 M/ b2iiBM;
βh,f = 0- BX2X rBi?Qmi BM+Hm/BM; Mv H2/ Q7 i?2 b?Q+FX :`2v `2b `2T`2b2Mi NyW L2r2v@q2bi +QM}/2M+2
BMi2`pHb 7Q` i?2b2 2biBKi2b Ubp2 BMi2`pH b `2TQ`i2/ BM :mD`/Q 2i HX UkyR9VVX _2/ bQHB/ HBM2b `2T`2b2Mi
i?2 `2bmHib Q7 2biBKiBQMb r?2M HHQrBM; βh,f = 0 M/ BM+Hm/BM; h H2/b Q7 i?2 +QMbQHB/iBQMb p`B#H2X
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